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Abstract 
In multi-step Quasi-Newton methods, to update Hessian at each step, 
interpolatory polynomial is used to derived information from more than one 
previous steps. To calculate interpolating points Ford and Moghrabi developed 
some techniques, Fixed and Accumulative method. In this paper, we use three step 
Accumulative technique with new scheming to update Hessian. The numerical 
results indicates successive performance with comparison to existing BFGS 
method.  
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INTRODUCTION: 
Unconstrained optimization plays a critical role 
in modern AI, and researchers have made 
extensive contributions to its development. 
Moreover, AI techniques now have the potential 
to enhance every stage of the optimization 
process enabling more accurate models and 
unlocking innovative solutions to complex 
problems. In this paper, we are concern to solve 
nonlinear high dimensional optimization 
problem. Such as 
                      
                                 𝑚𝑖𝑛𝑓(𝑥)                                                                                      (1)   
Where 𝑓(𝑥) is continuous and twice 
differentiable. There are numerous iterative 
methods presents in literature to solve such 
optimization problems [1]. Among all these 
methods, the class of quasi Newton’s methods 

considered best in case of large dimensional 
problems. These methods are variants of  
Newton’s method. In newton method, we are to 
compute double derivative at each step. Which is 
become very hard to compute in case of high 
dimensions [9].  Where in quasi-Newton’s 
methods double derivative (Hessian)  ∇2𝑓(𝑥) is 
updated through suitable approximation [2].  
BFGS formula is most popular and commonly 
used technique of this class [3]. Because of 
favorable numerical experience and fast 
theoretical Convergence [6-8].  In this method, 
the approximated Hessian matrix 𝐵𝑖+1 is updated 
by the following formula, 
 

                𝐵𝑖+1 =  𝐵𝑖 +  
𝑦𝑖𝑦𝑖

𝑇

𝑦𝑖
𝑇𝑠𝑖

+

𝐵𝑖𝑠𝑖(𝐵𝑖𝑠𝑖
𝑇)

𝑠𝑖
𝑇𝐵𝑖𝑠𝑖

.                                                               (2)  
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 and the inverse of  Hessian is approximated by, 
𝐻−1

= (I −
𝑦𝑖𝑠𝑖

𝑇

𝑦𝑖
𝑇𝑠𝑖

)

𝑇

𝐻𝑖 (I −
𝑦𝑖𝑠𝑖

𝑇

𝑦𝑖
𝑇𝑠𝑖

)

+
𝑠𝑖𝑠𝑖

𝑇

𝑦𝑖
𝑇𝑠𝑖

.                                                (3) 

Where  𝑠𝑖 = 𝑥𝑖+1 − 𝑥𝑖 and  𝑦𝑖 = 𝑔𝑖+1 − 𝑔𝑖 are 
vectors.  And  𝑔𝑖 = ∇𝑓(𝑥𝑖) the gradient vector of 
𝑓.  The updated matrix  𝐵𝑖+1  is need to satisfy 
the secant equation, 

𝐵𝑖+1𝑠𝑖 = 𝑦𝑖 .                                                 (4) 
Furthermore, Ford and Moghrabi [4] introduced 
multi-step Quasi-Newton methods. Where they 
showed, how to update Hessian at each iteration 
by employing interpolating polynomials to derive 
accurate information from more than one 
previous steps. The updated Hessian 
approximation 𝐵𝑖+1 in multi-step methods is 
acquire to satisfy the relation,  
          𝐵𝑖+1𝑟𝑖 = 𝑤𝑖.                                  (5) 
Where 𝑟𝑖 and 𝑤𝑖  are multi-step vectors, 
calculated through interpolating polynomial. 
 
Multi-Step Methods 
Recent advancements in multi-step methods, 
specifically two-step [12] and three-step [13] 
approaches, have demonstrated remarkable 
improvements over the conventional single-step 
Quasi-Newton method by employing diverse 
strategic frameworks. 
In multi-step methods, the vectors   𝑟𝑖 and 𝑤𝑖 are 
calculated from available multi iterative points by 
defining a path  X  to be polynomial 𝑥(𝜏) of 
degree m. 
Generalizing these vectors, let us suppose we have 
two current iterates 𝑥𝑘,  𝑥𝑘+1 and  𝑚 − 1  most 
recent iterative points with their corresponding  
gradient values are available to us, such 
as, 𝑥𝑘−𝑚+1, 𝑥𝑘−𝑚+2, … , 𝑥𝑘−1 . Thus, in total we 
have 𝑚 + 1 iterates. The interploting polynomial 
𝑥(𝜏) can be define as, 
𝑥(𝜏𝑘) = 𝑥𝑖−𝑚+𝑘+1     for  𝑘 = 0, 1, … , 𝑚.    (6) 
This polynomial depends on values of [𝜏𝑘]𝑘=0

𝑚 . 
Initially, it is taken to be 
𝜏𝑘 = 𝑘 − 𝑚 + 1  for  𝑘 = 0, 1, … , 𝑚.             (7) 

The interpolating polynomial and its gradient 
can be approximated by Langrangian form of 
polynomial, i-e 

𝑥(𝜏) = ∑ 𝐿𝑘(𝜏)𝑥𝑖−𝑚+𝑘+1

𝑚

𝑘=0

                   (8) 

𝑔(𝑥(𝜏)) = ∑ 𝐿𝑘(𝜏)𝑔(𝑥𝑖−𝑚+𝑘+1)            (9)

𝑚

𝑘=0

 

Where 𝐿𝑘(𝜏) presents Langrangian form of 
polynomial 
By differentiating (7) and (8), the required 
relation (4) can be satisfied as 

𝑟𝑖 ≜ 𝑥̇(𝜏) = ∑ 𝐿𝑘
′ (𝜏𝑚)𝑥𝑖−𝑚+𝑘+1 

𝑚

𝑘=0

    (10)     

  
𝑤𝑖 ≜ 𝑔′(𝑥(𝜏))

≈ ∑ 𝐿𝑘
′ (𝜏𝑚)𝑔(𝑥𝑖−𝑚+𝑘+1)        (11)

𝑚

𝑘=0

 

Where  𝐿𝑘
′ (𝜏𝑚) can be explicitly define as 

 𝐿𝑘
′ (𝜏𝑚) = (𝜏𝑘 − 𝜏𝑚)−1 ∏

(𝜏𝑚−𝜏𝑗)

(𝜏𝑘−𝜏𝑗) 
          𝑚−1

𝑗=0
𝑗≠𝑘

for  

𝑘 ≠ 𝑚. 
And 
     𝐿𝑚

′ (𝜏𝑚) = ∑ (𝜏𝑚 − 𝜏𝑗)𝑚−1
𝑗=0  

Ford and Moghrabi  showed [5] that 𝑟𝑖 and 𝑤𝑖 
can be written in terms of most recent step 
vectors {𝑠𝑖−𝑗}𝑗=0

𝑚−1 and {𝑦𝑖−𝑗}𝑗=0
𝑚−1. 

𝑟𝑖 = ∑ 𝑠𝑖−𝑗

𝑚−1

𝑗=0

∑ 𝐿𝑘
′ (𝜏𝑚)         

𝑚

𝑘=𝑚−𝑗

 

𝑤𝑖 = ∑ 𝑦𝑖−𝑗

𝑚−1

𝑗=0

∑ 𝐿𝑘
′ (𝜏𝑚)        

𝑚

𝑘=𝑚−𝑗

 

They have tested this algorithm for two and three 
steps. In this paper, we are using three steps 
technique. 
In order to choose suitable values for [𝜏𝑗]𝑗=0

𝑚  
Ford and Moghrabi [5] defined different 
approaches. Accumulative and Fixed point 
technique. In this paper, our focus is upon 
Accumulative technique. Where the distance 
between two iterates is define by  𝜃𝑚  with the 
any appropriate positive-definite matrix (M say) 

𝜃𝑚(𝑦1, 𝑦2) = {(𝑦1 − 𝑦2)𝑀(𝑦1 − 𝑦2)}
1

2⁄  
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They have used different choices of M such as, 
𝑀 = 𝐼, 𝑀 = 𝐵𝑖 and 𝑀 = 𝐵𝑖+1. In our procedure 
, we used 𝑀 = 𝐵𝑖. 
 
 Accumulative Technique 
In this approach, one interpolating point is fixed 
as "0" and other points can 
be calculated through formula given bellow, 
accumulatively. 

𝜏𝑚 = 0, 
𝜏𝑖 = 𝜏𝑖+1 − 𝜃𝑀(𝑥𝑖−𝑚+𝑗+2, 𝑥𝑖−𝑚+𝑗+1)   for 𝑗 =

0. 1, … , 𝑚 − 1. 
 
Proposed Framwork 
We are considering an accumulative point 
method in three step so we will fix one of  the 
step. Suppose we are taking  𝜏3 = 0  at iterate 
 𝑥𝑖+1 . Now previously researcher’s Ford and 
Moghrabi [5] followed the following pattern i-e,  
When we are at  𝑥𝑖+1 , we apply three step 
accumulative method to find 𝐵𝑖+1. At 𝑥𝑖  we 
apply single step BFGS method to find 𝐵𝑖. 
Similarly at 𝑥𝑖−1, we use simple BFGS method to 
get the value of 𝐵𝑖−1 by using 𝐵𝑖−2, which is 
approximation to original matrix and is usually 
taken as identity.  
Now, in our proposed technique we follow 
following steps. 

I.At 𝑥𝑖−2 we have 𝐵𝑖−2 (approximation to identity 
matrix). 

II.When we are at 𝑥𝑖−1, we have values of 𝐵𝑖−2, 
𝑠𝑖−2, 𝑦𝑖−2 and 𝑥𝑖−2.  So, by using these values we 
will find 𝐵𝑖−1 with the help of  single step BFGS 
method. 

III.Now at  iterate  𝑥𝑖,  we have  𝑠𝑖−2,  𝑠𝑖−1,  𝑦𝑖−2,  
𝑦𝑖−1,  𝐵𝑖−2,  𝐵𝑖−1,  𝑥𝑖−2 , 𝑥𝑖−1. Here we will use 
two step accumulative method to update 𝐵𝑖 . 

IV.We are at 𝑥𝑖+1 and also  we know the values  𝐵𝑖,  
𝐵𝑖−2,  𝐵𝑖−1,  𝑠𝑖, 𝑠𝑖−1,  𝑦𝑖,  𝑦𝑖−2,  𝑦𝑖−1, 𝑥𝑖 𝑥𝑖−2,  
𝑥𝑖−1. Now to update 𝐵𝑖+1 we will use three step 
accumulative technique. 
Taking  𝐵𝑖−2 = I,  the Hessian matrix 𝐵𝑖−1 at the 
next iterate will be updated by the following 
formula.   

𝐵𝑖−1 = 𝐵𝑖−2 +  
𝑦𝑖−1𝑦𝑖−1

𝑇

𝑦𝑖−1
𝑇 𝑠𝑖−1

+
𝐵𝑖−1𝑠𝑖−1(𝐵𝑖−1𝑠𝑖−1

𝑇 )

𝑠𝑖−1
𝑇 𝐵𝑖−1𝑠𝑖−1

. 

Now at the third iterate 𝑥𝑖, we will use two step 
accumulative method. Therefore,                  we 

are to calculate here values of  𝜏2, 𝜏1 and 𝛿. Such 
as 

𝜏2 = 𝜏3 − 𝜃𝑚(𝑥𝑖+1, 𝑥𝑖) 

                      = −((𝑥𝑖+1 − 𝑥𝑖)𝑇𝐵𝑖(𝑥𝑖+1 − 𝑥𝑖))
1
2

= −(𝑠𝑖
𝑇𝐵𝑖𝑠𝑖)

1
2                        (12)  

𝜏1 = 𝜏2 − 𝜃𝑚(𝑥𝑖, 𝑥𝑖−1) 

             =  𝜏2 − ((𝑥𝑖 − 𝑥𝑖−1)𝑇𝐵𝑖(𝑥𝑖 − 𝑥𝑖−1))
1
2

= 𝜏2

− (𝑠𝑖−1
𝑇 𝐵𝑖𝑠𝑖−1)

1
2              (13)   

The matrix vector calculation in (10) and (11) is 
very expensive to compute. To circumvent this 
difficulty, let consider the search direction,  

𝑝𝑖 = −𝐵𝑖
−1𝑔(𝑥𝑖) 

Where 
𝑥𝑖+1 = 𝑥𝑖 + 𝛼𝑖𝑝𝑖 = 𝑥𝑖 − 𝛼𝑖𝐵𝑖

−1𝑔(𝑥𝑖) 
For some scalar 𝛼𝑖 > 0. This gives 

𝑥𝑖+1 − 𝑥𝑖 = −𝛼𝑖𝐵𝑖
−1𝑔(𝑥𝑖) 

Taking  𝑠𝑖 = 𝑥𝑖+1 − 𝑥𝑖. We have, 
 𝑠𝑖 = −𝛼𝑖𝐵𝑖

−1𝑔(𝑥𝑖) 
𝐵𝑖𝑠𝑖 = −𝛼𝑖𝑔(𝑥𝑖) 

This value 𝐵𝑖𝑠𝑖 after substituting in (12). We 
obtain,  

  𝜏2 = −{−𝛼𝑖𝑠𝑖
𝑇𝑔(𝑥𝑖)}

1/2
 

The expression 𝑠𝑖−1
𝑇 𝐵𝑖𝑠𝑖−1  in (13) is still an 

expensive computation. To handle this situation 
Ford and Moghrabi [5] provide  an 
approximation by replacing 𝑖 + 1 by 𝑖.  i-e, 
              

     𝐵𝑖𝑠𝑖−1 = 𝑦𝑖−1                   (14) 
Hence we can obtain the approximation 

𝑠𝑖−1
𝑇 𝐵𝑖𝑠𝑖−1 = 𝑠𝑖−1

𝑇 𝑦𝑖−1 
Thus,  

𝜏1 = −{−𝛼𝑖𝑠𝑖
𝑇𝑔(𝑥𝑖)}

1
2 − (𝑠𝑖−1

𝑇 𝑦𝑖−1)
1/2

 
where, 

𝛿 =
(𝜏3 − 𝜏2)

(𝜏2 − 𝜏1)
 

Then,  

𝑟𝑖 = 𝑠𝑖 − {
𝛿2

2𝛿 + 1
} 𝑠𝑖−1 

𝑤𝑖 = 𝑦𝑖 − {
𝛿2

2𝛿 + 1
} 𝑦𝑖−1 

The Hessian matrix 𝐵𝑖 can be update by the 
formula, 
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                   𝐵𝑖 = 𝐵𝑖−1 +  
𝑤𝑖−1𝑤𝑖−1

𝑇

𝑤𝑖−1
𝑇 𝑟𝑖−1

+
𝐵𝑖−1𝑟𝑖−1(𝐵𝑖−1𝑟𝑖−1

𝑇 )

𝑟𝑖−1
𝑇 𝐵𝑖−1𝑟𝑖−1

 

This approximation is acquire to satisfy the 
relation, 

𝐵𝑖𝑟𝑖 = 𝑤𝑖 
As at fourth iterate  𝑥𝑖+1, we will perform three 
step accumulative approach. To follow algorithm 
we are to compute the following values, 
  

𝜏2 = 𝜏3 − 𝜃𝑚(𝑥𝑖+1, 𝑥𝑖) 

= −((𝑥𝑖+1 − 𝑥𝑖)𝑇𝐵𝑖(𝑥𝑖+1 − 𝑥𝑖))
1
2

= −(𝑠𝑖
𝑇𝐵𝑖𝑠𝑖)

1
2                                

𝜏1 = 𝜏2 − 𝜃𝑚(𝑥𝑖, 𝑥𝑖−1) 

= 𝜏2 − ((𝑥𝑖 − 𝑥𝑖−1)𝑇𝐵𝑖(𝑥𝑖 − 𝑥𝑖−1))
1
2

= 𝜏2 − (𝑠𝑖−1
𝑇 𝐵𝑖𝑠𝑖−1)

1
2                    

𝜏0 = 𝜏1 − 𝜃𝑚(𝑥𝑖−1, 𝑥𝑖−2) 

= 𝜏1 − ((𝑥𝑖−1 − 𝑥𝑖−2)𝑇𝐵𝑖(𝑥𝑖−1 − 𝑥𝑖−2))
1
2

= 𝜏1 − (𝑠𝑖−2
𝑇 𝐵𝑖𝑠𝑖−2)

1
2                 

Here the computation of 𝜏0, can be found by 
using (14) i-e, 
   

𝐵𝑖𝑠𝑖−2 = 𝑦𝑖−2 
𝑠𝑖−2

𝑇 𝐵𝑖𝑠𝑖−2 = 𝑠𝑖−2
𝑇 𝑦𝑖−2 

Thus, 

𝜏1 = −{−𝛼𝑖𝑠𝑖
𝑇𝑔(𝑥𝑖)}

1
2 − (𝑠𝑖−1

𝑇 𝑦𝑖−1)
1
2

− (𝑠𝑖−2
𝑇 𝑦𝑖−2)

1/2
 

Where 𝛿1 and 𝛿2 are defined as, 

𝛿1 =
(𝜏3 − 𝜏1)

(𝜏1 − 𝜏0)
,    𝛿2 =

(𝜏3 − 𝜏2)

(𝜏2 − 𝜏0)
 

The three step quasi newton vectors are given as, 

𝑟𝑖 = 𝑠𝑖 + {
−𝛿1

2(𝛿2 + 1)3

(𝛿1 − 𝛿2)(3𝛿1𝛿2 + 𝛿1 + 𝛿2)
} 𝑠𝑖−1

+ {
(𝛿1𝛿2)2

(3𝛿1𝛿2 + 𝛿1 + 𝛿2)
} 𝑠𝑖−2 

𝑤𝑖 = 𝑦𝑖 + {
−𝛿1

2(𝛿2 + 1)3

(𝛿1 − 𝛿2)(3𝛿1𝛿2 + 𝛿1 + 𝛿2)
} 𝑦𝑖−1

+ {
(𝛿1𝛿2)2

(3𝛿1𝛿2 + 𝛿1 + 𝛿2)
} 𝑦𝑖−2 

Now the new updated matrix 𝐵𝑖+1 can be derived 
by formula, 

  𝐵𝑖+1 = 𝐵𝑖 +  
𝑤𝑖𝑤𝑖

𝑇

𝑤𝑖
𝑇𝑟𝑖

+
𝐵𝑖𝑟𝑖(𝐵𝑖𝑟𝑖

𝑇)

𝑟𝑖
𝑇𝐵𝑖𝑟𝑖

, 

which is required to satisfy the relation,  
                                                             𝐵𝑖+1𝑟𝑖 = 𝑤𝑖. 
As we are working on accumulative method, 
therefore, the  notation “A”  will be used for 
presentation of this basic method.  In this paper, 
the new scheming accumulative approach will be 

presented by 𝐴3
[1,2𝐴]. Here the value in subscript 

shows three step method and the superscript 
values indicates new scheming approach i-e ( the 
number 1 presents single step update and 2A 
indicates two-step accumulative technique that we 
have used to calculate interpolating points at 
third iterative point.)   
 
Numerical Results 
In this section we will discuss the numerical 
performance of our proposed method in 
comparison with single step BFGS method. We 
tested the proposed algorithm on two nonlinear 
optimization problems [10, 11], with four 
different starting points. Both problems are 
tested for variable dimensions 33 ≤ 𝑛 ≤ 176.  
Thus, in total we have 13 functions. 
Furthermore, these dimensions are divided in 
two sets, hard (33 ≤ 𝑛 ≤ 60) and very hard 
(61 ≤ 𝑛 ≤ 176). All the algorithms are 
implemented in MATLAB (R2009b). 
The names of test problems with dimensions are 
listed in Table 1. In Table 2, we have presented 
the numerical performance of proposed method 
for set of hard dimensions in terms of iteration, 
function evaluation and time spend by each 
method. Similarly, Table 3 showed the numerical 
results for very hard set of  dimensions. 

 
Table 1: Test problems 
Problems Dimensions 
Discrete ODE I function [11] 33, 44, 66, 88, 110, 132, 176 
Discrete ODE II function [10] 42, 58, 78, 96, 114, 160 
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Table 2:   Hard dimensions                                                                                   

                                                                                                                                                                                                                  
Table 3: Very hard dimensions                                 
   Method  Iterations Function evluations Time (sec) 
        BFGS 14075 14144 9.3839 

𝑨𝟑
[𝟏,𝟐𝑨] 10953 11032 4.7434 

                      
Table 4: Combined dimensions                        
     Method  Iterations Function evluations Time (sec) 
         BFGS 16506 16595 9.9228 

𝑨𝟑
[𝟏,𝟐𝑨] 12895 12998 5.1706 

                                                                     
Investigating, the numerical results of both 
methods, we can easily observe that, the new 
method winnig in all grounds in comparison to 
single step BFGS method for all dimensions. It 
computationally saves time and also produce less 
number of iterations and function evaluations 
than BFGS method. 
 
Conclusion 
We have presented multi-step BFGS method with 
new interpolating scheme. In this method, to 
update Hessian matrix, we use three step 
accumulative technique with different approach. 
The numerical results indicates, that the new 
approach is efficient and robust in function 
evaluations, number of iteration and time 
consumption .  
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