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1.1 Introduction
(DM) s

indicating the top way of accomplishment in

Decision-making development  of
several substitutes depending on exact criteria,

typically
comparison of various aspects to accomplish the

including the assessment and
most positive results. Zadeh [1] first suggested the
notion of Fuzzy Set (FS) symbolized which
expands the concept of a standard set by allowing
elements, denoted by the symbol x, to have
membership degrees MA(x) €0, 1]. Fuzzy sets
allocate a single membership degree to each
which might be

element, incomplete for

modeling conditions where the degree of
membership is not precise or varies within a
range. By spreading the notion of FS including
interval-valued fuzzy sets (IVFS) , Gorzaczany (2]
offers and analyses an estimate inference
technique that makes it possible to validate verbal
DM  procedures with  useful  computer
representations. He develops an example to
establish the method. Jun [3] describes and
studies various concepts linked to external and
internal cubic sets (CS), P{R-intersection), P-(R-
and P«(R-order),

properties, preservation criteria, and the potential

union), diving into their
for intersections showing both internal and
external abilities. Cubic fuzzy set (CFS) contains
(IVES) and FS.

A hesitant fuzzy set (HFS) is one of the additions
of the traditional fuzzy sets that contribute for the
demonstration of hesitation or doubt of an

Torra [4]

announces Hesitant Fuzzy Sets (HFS) as an

element in the membership degree.

addition of conventional Fuzzy set, stressing their

unparalleled clarification, introducing major
processes, and looking at their relatedness with
intuitionistic fuzzy sets (IFS). After that he
demonstrates how the cover of (HFS) resembles

to that of (IFS) and tells that the newly planned
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operations are still regular when applied to this
cover. HFS enlarges the concept of FS by allowing
the possible set of values of the membership
degree of an element x instead of a single value
hA(Kx) €[0, 1]. Xia [5] explores HFS, extends FS
(AOs),

studies their connections, and shows practical

theory, devises aggregation operators
DM use. Liao and Xu [6] introduce subtraction
and division processes for HFS, improving their
effectiveness in uncertainty contexts, connecting
them to IFS, and extending them to connected
concepts. Liao and Xu [7] introduce new AOs
tailored for HES, encircling HFHAA, HFHAG,
quasi HFHAA, and quasi HFHAG, indicating
their features, and employing them in applied

examples for multi-criteria decision-making

(MCDM). Liao and Xu's [8] research emphases
address

introducing a set of diverse hybrid weighted

on engaging HFS to ambiguity,
aggregation operators AOs, and demonstrating
their use in MCDM through the assessment of
applicant portfolios. Wei [9]. Explore DM with
intervalvalued fuzzy (HIVFS) data,

introducing facilitators and demonstrating their

hesitant

use with an illustrative example. Interval-valued
Hesitant FSs spread the notion of Hesitant FS by
allowing the membership degree of a component
x to be a set of possible interval values instead of a
single value.

Mehmood [10] introduces cubic hesitant fuzzy
sets (CHFS), summarizes their characteristics and

operations, and shows their competence in

MCDM situations. The CHES covers an IVHFS
and HFS. Mahmood [11] introduces a series of
AO:s tailored for CHFS, including both averaging
and geometric types, and demonstrates their
application in determining MCDM problems by
selecting  the substitute

most  appropriate

following decision makers' (DM) preferences.

Molodtsov [12]

introduces the fundamental
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principles of soft set (SS) theory, presenting it as a
supple mathematical framework for management
uncertainty and unclear objects, emphasizing
primary findings, and defining coming research
avenues. Maji, P.K. [13] widens the concept of
soft expert sets (SES) to encompass fuzzy soft
expert sets (FSES), introducing vital operations,
applying this concept in DM, and exploring a
mapping within (FSES) classes along with its
features. Babitha [14] presents a new concept, the
HESS, which chains elements from soft sets and
HESS,

intersection,

outlining essential operations like

union, and complement, and
displaying its utility in DM contexts. Muhiuddin
[15] presents a collection of cubic soft set (CSS)
ideas, encompassing interior and exterior types,
R-cubic P-cubic and soft subsets, R-intersection,
R-union, P-intersection, P-union and
complements, probing into their characteristics,
and encompasses their application to BCK/BCI-
algebras by introducing CS BCK/BCl-algebras
and authenticating their properties. Yang [16]
presents the notion of IVFSS, integration IVFSS
and SS models, drawing operations like
complement, 'AND," and 'OR,' validating De
Morgan’s, associative, and distribution laws, and
illustrating its application in result problems
using numerical examples. Chen [17] presents a
new thought, IVHES preference relations, within
the dominion of fuzzy preference structures for
management improbability in GDM, expanding
HFS to IVHFSS, present aggregation methods for
IVHESS data, and accommodating dissimilarities
in DMR views, all revealed through numerical
examples. Das [18] introduces HFSS, merging
HFS and SS theory, beneficial for management
uncertainty, demonstrated with medical diagnosis
examples. Akram [19] introduces IVHFNSSs and
lengthens TOPSIS for MAGDM, accommodating
various

evaluations, random weights, and
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indecision, increasing decision-making.  Jyoti
Borah's [20, 21] key objective is to introduce and

observe  operations such as  "Union,"

"Intersection," and four particular operators (O1,
02, 03, 04) in the background of (IVHFSS),
examining into their in-built properties. Wei
Liang's research emphases on dealing complex
DM by proposing a fresh method, the PIVHFS
lost and gained supremacy score, which mixes
regret theory, interval evidential thought, and an
interval projection measure for useful uncertainty
management in supplier range for epidemic
preclusion products. S. S. Appadoo [22] showed
that the AOs proposed by Amin et al. lacks
monotonicity, which in turn their

TOPSIS method unfitting,

unexplained and puzzling research problem.

creates

highlighting an

Marian [23] introduces an estimated inference
technique that spreads FS to IVFS, helping
proper representation of verbal verdict algorithms
and . competent computer execution, illustrated
through an example.

Zhao [24] established CVD, the principal reason
of death in Asia; this

epidemiologic  characteristics  and

review studies
debates
prevention challenges. Zhao et al. [25] highlight
CVD as China's primary death basis, arguing
tendencies

epidemiological and prevention

challenges, with undiagnosed problems. Rehman
et al. [26] expect CVD trends using NDGM and
evaluate expanding times, highlighting imperative
prevention needs for policymakers and healthcare
providers worldwide.

We oppose that no earlier studies have covered
the use of a cubic hesitant fuzzy soft environment,
as cited before. To shorten this gap, we will build
a cubic hesitant fuzzy soft set (CHFSS) on
universal sets U with definite elements set. We
have to define operational Laws, accuracy and

score functions, as well as accumulation operators
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and observe their characteristics. Lastly, we will
relate our study to solve reallife policymaking
difficulties.

1.2. Research Question

Decision-making (DM) plays a vital role in
numerous real-world applications. Motivated by
existing studies and gaps identified in the
literature, this research seeks to address the
following questions:

i. How can a rigorous mathematical framework
for Cubic Hesitant Fuzzy Soft Sets (CHFSSs) be
constructed?

ii. What fundamental operational laws and

mathematical properties can be defined and

established for CHFSSs?

Table 1: List of Symbols/Notations.

iii. Which types of aggregation operators can be
developed and theoretically validated within the
CHEFSS framework?

iv. In what way does the proposed CHFSS model
generalize and simplify existing concepts such as
fuzzy sets, intuitionistic fuzzy sets, hesitant fuzzy
sets, and cubic fuzzy sets?

v. How can complex decision-making (DM)
problems be effectively solved within the CHFSS
environment!

vi. How does the application of CHFSSs to
practical scenarios, such as crop selection,
compare with existing methods in the literature?
vii. What insights can be gained from sensitivity
analysis regarding the robustness, stability, and

reliability of the CHFSS-based decision-making
approach!?

X Fixed set

o¢ Mp

4 Fs

&=ho¢ FNs

v Nwup

r IVES

A Cubic Fuzzy Set (CFS)

S Score Function

A Accuracy Function

AOs Aggregation Operators

CFWAOQOs Cubic Fuzzy Weighted Averaging Operators
CFWGOs Cubic Fuzzy Weighted Geometric operators
w Hesitant Fuzzy Set

FA Soft Set

Frn Fuzzy Soft Set

Literature Review

Fuzzy set theory, introduced by Zadeh, has played
a significant role in modeling uncertainty and
vagueness in realworld problems. Over time,

several extensions of fuzzy sets have been

handle

incomplete information, including intuitionistic

developed to better imprecise and
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fuzzy sets, hesitant fuzzy sets, and cubic fuzzy sets.
both

membership and non-membership degrees, while

Intuitionistic ~ fuzzy sets incorporate

hesitant fuzzy sets allow multiple possible

membership values to represent hesitation in
decision-making. Cubic fuzzy sets further enhance

flexibility by combining intervalvalued and
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precise fuzzy information. In parallel, soft set
theory has been widely applied to parameterized
decision-making problems due to its ability to
handle uncertainty without requiring additional
constraints. Numerous aggregation operators and
decision-making models based on these theories

have been proposed and successfully applied in

areas such as resource selection, medical
diagnosis, and  engineering  management.
However, existing approaches often face

limitations when dealing with highly complex
and hesitant information simultaneously. These
limitations motivate the development of more
generalized and robust frameworks, such as cubic
hesitant fuzzy soft sets, to improve decision-
making accuracy and reliability. Different versions
of FS in the Real Range.

2.1. Fuzzy Set:

Definition 1 [1]: A Fuzzy Set & on general set X is

stated as:

¢=hd¢| hEX,66€(0,1] (1)

where 8¢:X—0,1. The Fuzzy Ns are represented
by E=h&¢&.

Example 1: Let we consider X={1,2,3}.Then; a §
defined on X is given by §=10.2,20.5,30.6.
2.2. FS Operational Laws
&i=hd&i=i=1,2,...n be FNs:

€1V £2=hd¢1V dE2;
E1INE2=hOE1 ADE2;

€c1=h1-0¢1;
€1+£2=h1-1-0€11-0E2;
&1x£2=h0E10E2;

€1 ®E&2=h1,mindE1+0E2;

¢le §2=h0,maxd¢1-0¢2;

&1 &2=h0,maxd¢1+0¢&2-1;
G.&E1=h1-0€1¢;

¢1¢=hog1g;

R R A A o e

H
©

ii. Definition:

Example 2: Now let us consider X={h1,h2,h3} &
€i=hod¢&i, £1=h10.4, 2=h10.5, £3=h10.7=i=1,2,3,
be three FNs. The algebraic properties:

1. g1V €2 = h&g1V 82
=h10.4V 0.5=h10.5;

2. E1AE2=hOE1 ADE2 =h10.4 A0.5 =h10.4;
€G1=h1-06¢1=h11-0.4=h10.6;
£1+62=h1-1.5¢11-562=h11-1.0.41.0.5;
&1xE2=h0&10¢2;

€1 ¢&2=h1,mindE1+0E2;

¢le £2=h0,maxd&1-0&2;

€1 &2=h0,maxd¢1+0&2-1;
G.E1=h1-06¢1g;

10. &1¢=hd¢1g;

2.3. Interval Valued Fuzzy Set (IVFS):

Definition 2 [2]: Consider the collection of all
closed subintervals of [0, 1] is Ta= [ TAL, TAU]
€n, where TAL and TAU are expressed as the
upper the
respectively. Let X is a nonempty universal set.
Then M=KxYTrxEeX}

(2) is termed as IVFS of X, where
WTT:X—[0,1] be the degree of membership of x
in X and YTT=[WAL,pAL] be an IVFNG.

2.4. Cubic Fuzzy Set (CFS)
Definition 3[3]): Let X be the nonempty general

© PN ok W

extreme and lower extreme,

set. Then the set

A={(x,WTTx,EAKX))/xEX] (3) is said to be
a CFS of X, where WTTlx be an IVFS in X and
EA(x) is a FS in X. Some basic concept
concerning to CFS are defined in the following
steps:

i. Definition: A CFES
Trx,p+TTx],EAX))/XxEX]} s
internal CFS if the term [W-TTx<EA(x)<W+TTx

A CFS A={x[y-

Trx,w+Tlx],EAX))/xEX} is termed as an

external CFS if the term EAX)E (W-TIx,W+TIx) ;

A={(x,[y-

termed as an
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2.5. Operational Laws Based On CFS
Definition 4  [3]: A CFS A={([y-
T1Lw+T1LEA)LB={((y-T2,w+T2],EB)} is  two
CFNs and K>0 is any real number then we have
L. Ac={((1-€A),[(1-w+TT),(1-y-TrD};
2. AY B={([maxfofy-TT,y-
3. A B={([min{fofy-TT",y-
4. A® B={([((y-T1+p-T2-@-T1y-
T2),(p+T1++T2P+T1w+T2)],(CALB)));
5. AQB={([(g-TTy-
TO),(W+TT@+TI)],(EA+EB-EAEB)));
6. KA={[(1-(1-@-THK)L((1(1p-
TOHK)],EAK)}
7. AK={[(W-THKL(((p-TOK)], 1-1-6AK));
8. A<B, If WTIIr< @TIr, W+Tr< w+1r,
¢A> &B;
9. A=B, If g-TM=@-TT, y+TI=w~+TT ,EA=EB.
Definition 5[3]: The accuracy and score
functions for comparing two CFNs are defined as
Let  A={(J[g-TTx,w+TIx],EA)}, be a (CEN, the
score function of A)
SA=@-TI+W+TI-€A3 4)
and the accuracy function of A is
AA=Y-TT+WP+TM+EA3

(5)
2.6. Cubic Fuzzy Weighted Averaging Operators
(CFWAOs)
Definition 6 [3]: Let A={({@-TTx,w+TTx],gA)} be a
family of CFNs, w=(wl,w2,w3,..wn)T be a
weighted vector with WE[0,1] such that
i=Inwij=1 then it is known as Cubic Fuzzy
Weighted Averaging (CFWA) operators that is
CFWAALA2,... An=14=1n1-@Ajwj,1§-1n1-
W+Ajwj,j=1n(EA)wj (6)
Definition 7[3]: Let A={([¢- T x,w+TTx],§A)} be a
family of CFNs, w=(w1,w2,w3,..wn)T be a
weighted vector with WEJ[0,1] such that
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j=Inwj=1 then it is known as Cubic Fuzzy
Weighted Geometric (CFWG) operators that are
CFWGALA2,...,An=j=1n1p-Ajwj,j=In1-
WH+Ajwj, 1= 1n(1-§Aj)wj (7)

2.7. Hesitant Fuzzy Set

Definition 8 [4]: Let X is nonempty set. A HFS is
function that when we applied on X returns a
finite subset of [0, 1]. A HFS is denoted and
defined by, w={x,0x:x €X} (8)

Where is a set of various diverse values in [0, 1],
which denotes the probable membership degrees
of an element xE€X, for assistance we call 0 = Px
a HFE.

2.8. Operational Laws Based On HFS
pi=hvi=i=1,2 , be FNss:

el 1=h(v1)[;

el=h1(1-vD)l;

1@ p2=hv1+v2vivl;

o1 ®p2=hviv;

cl=h(1-v1)

elY @2={veEQl¥ @2v> maxifofol,02)};
1. plr @2=vEpIl+r E2v> minpl,Q2.

SEN A LD

2.9. Hesitant Fuzzy Weighted Aggregation
(HFWAO:s) operators
Definition 9 [5] : Let Qil,2,...,n be a family of
HENs,w=(w1,w2,w3,..wn)T be a weighted
vector with WE[0,1] such that j=1nwj=1 then it
is known as Hesitant FWAQO that is
HFWAQ1,02,...,0n=1-j=1n1-Qiwj ©)
Definition 10 [5]: Let Qil,2,...,n be a family of
HFNs,w=(w1,w2,w3,..wn)T be a weighted
vector with WE[0,1] such that j=1nwj=1 then it
is known as Hesitant FWGO that is
HFWGe1,02,...,on=j=1niwj (10)
2.10. Interval valued Hesitant Fuzzy Set (IVHFS)
Definition 11 [9]: Let X be a non-empty set and
S[0,1] denotes the set of all closed of [0,1]. An
Interval valued HFS on X is defined and denoted
by, p={xig(xj):xj €X}

(11)
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Wherever g:X—$S|0,1] denote all possible interval
valued belonging of xj in X and g(xj)=[g,g*] ,
where g-=infg and g+=supg.
2.11. Operational Laws
Definition 12 [9]: Let pl,p2,p3 be any three
IVHFNSs and ™0 then,

pe=[1-g+,1-¢;
2. pl ®p2={lgl+g2-gl-g2-gl++gl+gl+gl+]}
3. ple p2={lgl-g2-gl+g2+]};
4. Fpl={{1(1-g1)l,1(1-g1 )}
5. pll=[(gl) (g1 )]}
2.12. Interval valued Hesitant Fuzzy weighted
Aggregation Operators ([VHFWAO:s)
Definition 13[9]: Let il,2,...,n be a family of
IVHENs, w=(w1,w2,w3,...wn)T be a weighted
vector with WE[0,1] such that j=1nwj=1 then it
is known as interval valued hesitant fuzzy
weighted averaging (IVHFWA) operators that is
IVHFWAp1,02,...,0n=1-j=1n1-gj-wj,1-j=1n1-
gitwj (12)
Definition 14[9]: Let Qil,2,...,.n be a family of
HENs,w=(w1,w2,w3,..wn)T be a
vector with WE[0,1] such that j=1nwj=1 then it
is known as Interval valued HFWGO that is
IVHFWGpe1,02,...,0n=j=1ngj-wj,j= Ingj+wj
2.13. Cubic Hesitant Fuzzy Set (CHFS)
Definition 15 [10]: Let X be the nonempty

weighted

universal set. Then the set
w={(x,pw=[p-w,p+w],0wx))/xEX}  (14)

is said to be a CHFS of X, where pwx be an

IVHEFS in X and Bw(x) is a HFS in X where

pw=[p-w,p*+w]. Some basic concept concerning

to CS are defined in the following steps:

2.14. Operational Laws

A CS  w={(x,pw=[p-

is termed as an internal

i Definition:
w,p+w],0w(x))/x EX}
CHES if the term p-wWx<BwW(x)<p-Wwx ;

A CS  w={(x,pw=[p-
w,p+w],Bw(x))/xEX} is termed as an external
CHES if the term BwWx)¥ (p-w,p+w)

ii. Definition:

700

1. we={(1-p-w), -{p+w)],(1-Bw)};
2. A®  B={([pw+p-w-p-wp-w),p+w+p+w-
p+wp+w),(Bwbw)}

3. A® B={([p-wp-w,p+wp+w],(Owdw)};
4. K A={[(1(1-p-w)K,([(11-p+w)K)],(Bw)K};
5. AK={[((p-w)K,([(p+w)K)], 1-(1-Bw)K};
6. A<B, if p-wW< p-Ww,p+tW< ptw,Bw> Bw;
1. A=B, if p-w=p-W,p+W=p+w,0w=0w.
2.15.  Cubic Hesitant  Fuzzy  Weighted

Aggregation Operators
Definition16 [10]: (CHFWA Operator) Consider
chk(k=1,2,...,n) is group of Cubic HFEs. The
Cubic HFSs is explained by the mapping Gn—G
such that
CHFWACch1,ch2,...,chn=® Rk=1nwkchk, Here
w=wl,w2,...,.wnT is weight direction of CHFEs by
wKe€0,1 and k=1lnwK=1. In different case if
w=(In,1n,...,In)Tthen CHFWA operator
develops as, CHFWA
chl,ch2,...,chn=®Rk=1n1nchk=1-k=1n1-pik-

wK, 1 k=1n1-pik+wK k=1npikwk; (15)

17[10]: CHFWG  46Operator
Consider chkk=1,2,...,n is group of Cubic HFEs.
The Cubic HFSs is defined by the mapping
Gn—G such that
CHFWGch1,ch2,...,chn= ® Rk=1nwkchk,
w=wl,w2,...,wnT is weight direction of CHFEs by
wKE€0,1 andk=InwK=1. In different case if
CHFWA

Definition

here

w=1n,1n,...,InTthen the operator

develops as, CHFWG
chl,ch2,...,chn=®k=1n1nchk=k=1npik-

wK k=1npik+wK, 1-k=1n1-pikwk; (16)
18[10]: (R-CHFWG Operator)

Assume Consider chk(k=1,2,...,n) is a collection

Definition

of CHFEs. The R-weighted geometric operator
for CHFSs (for short, R- CHFWG) is defined by
the drawing Gn—G that, R-
CHFWGch1,ch2,...,.chn=¢ Rk=1nchkwk,
w=wl,w2,...,.wnT is a weight direction of CHFEs
by wK€0,1 and k=1nwK=1. In special case if

such

here


https://portal.issn.org/resource/ISSN/3006-7030
https://portal.issn.org/resource/ISSN/3006-7030

Spectrum of Engineering Sciences
ISSN (e) 3007-3138 (p) 3007-312X

Volume 4, Issue 4, 2026

w=(1n,1n,...,1n)Tthen the R-CHFWG operator
becomes as, R-CHFWG
chl,ch2,...,chn=®¢ Rk=Inchkln (17)

2.16. Soft Set (SS)

Definition 19 [12]: Let X is a nonempty set with
attributes of a set A denoted like:

FA=e¢, Fee€A,FesPU (18) From A to
P U is corresponding with F i.e. F: A— P U.
Example 3: Let U=61,62,03,04denote the set of
bikes under consideration and E= {black, low fuel
consumptions, mechanical fit} is attributes set, a
SS is expressed as:

Fel=61,062, F €2=62,03, F €3=61,02,03,

F, A=F (el), F (e2), F (e3).

2.17. Fuzzy Soft Set (FSS)

Definition 20 [13]: A Fuzzy SS over U with
attributes of set
Fr=e, Fee€A, FeeFPU (19)

From A to FP(U) is corresponding with F. i.e. F:
A—FP(U).

Example 4: Example 2.11.1, let’s take and usage

expressed like:

the subsequent Fuzzy Ss for a Fuzzy SS results:

F (el) =(61,0.5),(62,0.8), F (e2)=(62,0.6),(63,0.3),
F (e3)=(61,0.3),(62,0.7),(63,0.4),

The FSS finished the set of attributes A is
expressed as

F=F (el), F (e2), F (e3).

2.18. Hesitant Fuzzy Soft Set (HFSS)

Definition 21[14]: Let X be a universe and let A
be set of attributes and also let HFP(X) be set
which consist all Hesitant Fuzzy subsets of X. A
pair (F, A) is known as Hesitant FSS on X, where
F is a mapping from A to HFP(X) denoted by
F:A— HFPX. (20)

2.19. Hesitant Fuzzy Soft Aggregation Operators
(HFSAO:s)

Definition 22 [14]: Let Kil,2,...,n be a family of
HFSNs,w=(w1,w2,w3,..wn)T be a weighted
vector with WE(0,1] such that j=1nwj=1 then it
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is known as hesitant fuzzy soft weighted averaging
(HFSWA) operators that are:
HESWA(K1,K2,...,.Kn)= Kij=1nlgiwj; (21)
Definition 23[14]: Let Qil,2,...,n be a family of
HEFNs,w=(w1l,w2,w3,..wn)T be a
vector with WE[0,1] such that j=1nwj=1 then it

weighted

is known as hesitant fuzzy weighted geometric
(HFSWGQG) operators that is
HFSWG(K1,K2,... Kn)= Kij=1ngiwj;  (22)
2.20. Interval Valued Hesitant Fuzzy Soft Set
Definition 24 [14]: Let X be a non-empty set and
S[0,1] denotes the set of all closed of [0,1]. An
Interval valued HFS on X is denoted and defined
by, p={exjg(xj):xj €X} (23)

where g:X—S[0,1] denote all possible interval
valued membership of xj in X and =[g-,g+] , where
g-=infg and g+=supg.

2.21.
Aggregation operators ([VHFSAOs)

Definition 25 [14]: Let il,2,....,n be a family of
IVHSENs,w=(w1,w2,w3,...0n)T be a weighted
vector with WE[0,1] such that j=1nwj=1 then it

Interval valued Hesitant Fuzzy Soft

is known as Interval Valued HFWA operators

that are:
IVHFSWA(p1,02,...,0n)=1=1n1-gj-wj,1j=1n1-
gjtwij. (24)

Definition 26[14]: Let il,2,...,n be a family of
IVHSENs,w=(w1,w2,w3,...wn)T be a weighted
vector with WE[0,1] such that j=1nwj=1 then it
is known as Interval Valued HFWG operators
that are:
IVHFSWG(p1,02,...,0n) =j=1ngj-Wj,j=1ngj*+wj
(25)
CUBIC HESITANT FUZZY SOFT SET AND
ITS APPLICATION TO MULTI-CRITERIA
DECISION-MAKING
We employ operations laws on Cubic HFSSs in
this chapter and recommend for new aggregation

operators for instance, Cubic HFSWA operators,
Cubic HFSOWA operators, Cubic HFSWA
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operators and Cubic HFSOWG operators and
their properties as well as MCDM algorithms.
2.22. Proposed Laws of CHFSS

Definition 27: Let X be a non-empty set. The
CHESS on X is defined by,

o=h,Eh,HhhEX (26)
Where &an (IVHFSS) in X and H is a (HFSS) in X.
A CHEFSS is simply denoted as a=¢ H.

Example 5: Suppose that U={P1,P2, P3} is the
set of software development projects under
consideration, A={e1,e2,e3} is the set of attributes,
e; is for economic feasibility, e, is for
technological feasibility, and e; is for staff
feasibility. A CHFSS is displayed as follows:
F(e1)=P1,0.1,0.3,0.4,0.5,0.2,0.4,(P2,{[0.3,0.4],(0.1,
0.3]},{0.1,0.5)),(P3,{[0.2,0.5],{0.1,0.7]},{0.1,0.7h};
F(e2)=P1,0.2,0.4,0.1,0.3,0.2,0.7,(P2,{[0.1,0.3],(0.2,
0.4]},{0.5,0.6}),(P3,{[0.2,0.7],[0.2,0.8]},{0.2,0.5})};
F(e3)=P1,0.1,0.3,0.4,0.5,0.2,0.4,(P2,{[0.3,0.4],[0.1,
0.3]},{0.1,0.5)),(P3,{[0.2,0.5],[0.1,0.7]},{0.1,0.7)}.
Definition 28: Let X is a non-empty set, A cubic
hesitant fuzzy soft set a=¢ H is assumed to be an
Internal Cubic Hesitant Fuzzy Soft Set (ICHFSS)
if Hix) €[&i-(x),&i+x], vV xEX..

Example 6: The example provided below is an
ICHFS,
F(e1)=P;,0.1,0.3,0.4,0.5,0.2,0.6,(P,,{[0.3,0.6],[0.1,
0.3]},{0.4,0.2}),(P5,{[0.2,0.5],[0.1,0.7]},{0.3,0.5})},
F(e2)=P1,0.2,0.4,0.1,0.3,0.3,0.2,(P,,{[0.1,0.5],[0.2,
0.6]},{0.4,0.5}),(P5,{[0.2,0.7],[0.2,0.8]},{0.3,0.5})},
F(e3)=P1,0.1,0.3,0.4,0.7,0.2,0.5,(P,{[0.3,0.4],[0.1,
0.71},{0.2,0.5}),(P5,{[0.2,0.5],[0.1,0.7]},{0.2,0.5})}
a={Fel,Fe2,F(e3)}.

Definition 29: X is a nonempty set, A Cubic
hesitant set a=&,H.is known to be an External CS
if Hi(x) ¢ [Gi-(x),&i+x],V ,V xEX.

Theorem: Suppose a=¢,H be a CHFSS on X that
is not the ECHFSS. Then there exist x€X such

that Hi(x) €[&i-(x),§i+x],V ,V xEX.

Definition (Equality) 30: Let a=¢,H, and 9=0,Q
be any two CHFSs on X and we denote a=9 iff,

i. Cix=0ixVi€E A (Where A is an index)
andV x€X, ix=[¢i-(x),¢i+x],V € C(x), oi=[oi-
x,0itx] €8 (x) are the membership grade intervals
of the elementx €X.

ii. Hx=Q(x).

Definition (P-Order) 31: Leta=¢ H, and 8=0,Q
be any two CHFSs on X and we denote a=34 iff,

i. Cix<Oix Vi€ A (Where A is an index)
and, V x€X, &ix=[i-(x),¢i+x],V €[ C(x), oi=[0i-
x,0itx] € ¥ (x) are the membership grade
intervals of the elementx EX.

ii. Hx<Q(x).

Definition (R-Order) 32: Leta=¢,H, and 9=0,Q
be any two CHFSs on X and we denote a=38 iff,

i. Eix>0ix Vi€ A (Where A is an index)
and V x€Xix=[¢i(x),¢i+x],V € C(x), 0i=[0i-
x,0itx] € 3§ (x) are the membership grade
intervals of the elementx €X.

ii. Hx>Q(x).

Example (P-Order) 7: Leta=¢,H, and 9=0,Q be
any two CHFSs on X defined as follows,
F(e1)=P1,0.1,0.3,0.4,0.5,0.2,0.6,(P2,{[0.3,0.6],(0.1,
0.3]},{0.4,0.2}),(P3,{[0.2,0.5],[0.1,0.71},{0.3,0.5})},
F(e2)=P1,0.2,0.4,0.1,0.3,0.3,0.2,(P2,{[0.1,0.5],[0.2,
0.6]},{0.4,0.5}),(P3,{[0.2,0.7],[0.2,0.8]},{0.3,0.5})},
F(e3)=P1,0.1,0.3,0.4,0.7,0.2,0.5,(P2,{[0.3,0.4],(0.1,
0.711,{0.2,0.5)),(P3,{{0.2,0.5],[0.1,0.71},{0.2,0.5})}
a={Fel,Fe2,F(e3)}.
F(e1)=P1,0.1,0.5,0.4,0.6,0.3,0.7,(P2,{[0.3,0.7],[0.1,
0.5]},{0.1,0.2,0.3,0.4}),(P3,{[0.2,0.6],[0.1,0.9]},{0.1,
0.3,0.5))},
F(e2)=P1,0.2,0.6,0.1,0.5,0.1,0.3,0.2,(P2,{[0.1,0.7],
[0.2,0.9]},{0.4,0.6}),(P3,{[0.2,0.9],[0.2,0.9]},{0.1,0.3,
0.5h},
F(e3)=P,,0.1,0.5,0.2,0.7,0.1,0.2,0.5,(P,,{[0.1,0.5],
0.1,0.9]},{0.1,0.2,0.5}),(P5,{[0.1,0.8],{0.1,0.9]},{0.1,
0.2,0.5))}
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i

ii.

iii.

iv.

9={Pel,Pe2,P(e3)}.

Example (P-Order) 8: Let a=¢,H, and 9=0,Q be
any two CHFSs on X defined as follows:
F(e1)=P;,0.1,0.5,0.4,0.6,0.3,0.7,(P,,{[0.3,0.7],[0.1,
0.5]},{0.1,0.2,0.3,0.4}),(P5,{[0.2,0.6],(0.1,0.91},{0.1,
0.3,0.5))},
F(e2)=P1,0.2,0.6,0.1,0.5,0.1,0.3,0.2,(P;,{[0.1,0.7],[
0.2,0.91},{0.4,0.6}),(P5,{{0.2,0.9],[0.2,0.9]},{0.1,0.3,
0.5)},
F(e3)=P,,0.1,0.5,0.2,0.7,0.1,0.2,0.5,(P,{[0.1,0.5],[
0.1,0.9]},{0.1,0.2,0.5}),(P5,{[0.1,0.8],[0.1,0.9]},{0.1,
0.2,0.5))}

2.23. Operation on Cubic Hesitant Fuzzy Soft Set
Let X is a non-empty set. al=h,§alh,Hihh€X
and a2=h,a2h,Hihh€X be any two CHFSNs
on X then
¢al=¢lal,Eual,ga2=¢la2,Eua2 ,Hi={Jdi}
i alDa2={[lal+Ela2-
¢lalgla2,cual+Euaz-Eualéual],(9192));
i . al®a2={([Elalla2,Eualua)] (81+92-
I192)};
1.

where

acl={([1-§ual,1-€lal)],(1-91)};

iv. K.al={[(1-(1-glal)K,(1-(1-ua1)K],(@1)K};
Y, a1K={[¢la1K,gualK],1-(1-81)K};
Example 9: Let’s consider

01=0.1,0.4,0.2,0.5,{0.1,0.2},a2=0.2,0.5,0.1,0.7,{C.
2,0.3} and K=3 then we have
al®a2=0.1+0.2-0.1.0.2,0.4+0.5+-
0.4.0.5,0.2+0.1-0.2.0.1,0.5+0.7+-
0.5.0.7,0.1.0.2.0.2.0.3=0.28,0.70,0.28,0.85,0.02,0.
06;
a1®a2=0.1.0.2,0.4.0.5,0.2.0.1,0.5.0.7,0.
1+0.2-0.1.0.2,0.2+0.3-
0.2.0.3=0.02,0.2,0.02,0.35,0.28,0.44;
0cl1=1-0.4,1-0.1,1-0.5,1-0.2,1-0.1,1-
0.2=0.6,0.9,0.5,0.8,0.9,0.8;
3.01=(1<(1-0.1)3,(1-(1-0.4)3,(1(1-0.2)3,(1-
(1-
0.5)3,0.13,0.23=0.271,0.784,0.488,0.875,0.001,0.
008;

a13=[0.13,0.43,[0.23,0.53],1-(1-0.1)3,1(1-
0.2)3}=(0.001,0.064,[0.008,0.125],0.271,0.488};
2.24. Score and Accuracy function of CHFSS
Definition 33: Let X is a non-empty set and
ai=h,éaih,Hihh €X be a CHFSNs on X then the
score of Qi is denoted and defined by
Nai=1* ai(lai+Euai-* ai2+3i) 27
where * Qi is the number of elements in ai,
¢al=¢lai,Euai ,Hi=(di).
ai=h,Eaih,HihhEXi=1,2
CHFSNSs. Then, according to the definition of A
and a, we have
i. Nal> Na2eal> al;
Nal< Aa2e al< a2;
Nal=N\a2 <al=a2;
Mal)> Ma2)eal> a2,
Nl Na2eal< az;
Mal=Ta2eal=a2;
Theorem 4: For two CHFSNs, aland a2; we
have to prove that

al © a2=a2 D al;

ale a2=ale al.
Theorem 5: For any three CHFSNs, al,a2 and
a3 we have to prove that
i al ® (a2 ®a2)=(al ®a2) ®a3;

ale (a2e a3)=(ale a2)® a3.
Theorem 6: For any two CHFSNs ai,i=1,2, the
real numbers k1, k2,k3>0,
i kal ®a2=kal @ ka2;

al®a2k=(a1)k® (a2)k;

klal @ k2al=kl+k2al;

alkl®alk2=(al)kl+k2;
Proof: We have to prove (1) and (3), though
another may be as considered. al=¢1,H1 and
a2=€2,H2
i al®a2=¢lal+Elaz-
¢lalgla2),eual+guaz-ualéual),@1392);
Also k.al=(1(1-¢la)K,((1(1-Eua1)K),31)K.
Now

V.

represent two

ii.
iii.
°
°

i

ii.

ii.

ii.

iii.
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K.al @ a2=(1-(1-([glal+gla2-glalgla2))K,((1«1-
Eual+Eua2-Lual&ua2)K)],8192K= (1(1-
Ela)K,((1-(1-5ual)K),E1)K & (1(1-€la 1)K, ((1-(1-
Eual)K),@1K =kal ® ka2
al®a2=¢lallaz,cualéua2,(@1392)
and a1K=[(€la DK, (§ual)K,1(1-81)K.
al®a2K=(la1gla2)K,(Gualgua2)K,1-1-
F192K={[((Ela DK, ([(Gua)K)], 1(1-
DK} {[((Ela2)K,([((Gua2)K)], 1(1-
92)K}=(a1)K® (a2)K.
Klal @ K2a1=K1+K2a1l
al®a2={([Elal+Ela2-Elal&la2),Eual+Eua?-
Eual&ua2)],(3192)} and K.al={[(1(1-gla)K,([(1-
(1-§ua)K)],E DK}
Klal ® K2a1={[(1-(1-€la1)K1,([(1-(1-
Eua K1), 1K1} & {[(1«(1-gla1)K2,([(11-
Eua1)K2)],81K2}={[(1(1-€lal)K1+K2,([(11-
Eual)K1+K2)],91K1+K2}=K1+K2al.
a1K1®alK2=(al)K1+K2
alK1={[((la K1, ((ual)K1)],1(1-01)K1}
alK2={[((ElaKZ,([(Eual)K2)],1(1-01)K2}.
alK1®alK2={[((€laDK1,([((Gual)K1)],1-1-
1K ={[((€laDK2,([((Eual)K2)],1-1-
S1K2)={[((ElaD)K1+K2,([(Eual)K1+K2)], 11
91)K1+K2}=(a1)K1+K2
2.25. Operators of Cubic Hesitant Fuzzy Soft WA
Aggregation

ii.

iii.

iv.

and

In the following unit, we introduce arithmetic
AOs CHFSNs
procedures. These operators, namely the Cubic

HFSWA and Cubic HFSOWA

operator, will be considered in detail to discover

using grounded algebraic

operator,

their major properties.

Definition 34: Suppose Qij=&ij,Hij be a group of
CHFSNs. Then cubic hesitant fuzzy soft weighted
average is a mapping CHFSWA :aijn—aij, with
wi>0 and i=lnwi=1 where Wi is a weighted

vector.
Definition 35; Suppose
aij=&ij,Hij,wherei=1,2,..,m and i=1,2,...,n,

704

represents a group of CHFSNs, the cubic

hesitant fuzzy soft weighted

(CHFSWA) operators
CHFSWA :aijn—daijcharacterized by:
CHFSWAall,a12,...,aij= ®j=1nAj®i=1m Vi
aij=1-j=1ni=1m1-§ijl ViAj,1-j=1ni=1m1-

Eiju ViAj,j=1ni=1mHij ViAj (28)
Where Vi={V1,V2,..,ViJT,Aj={A1,A2,. ,AjIT,
represent a weighted vector of Uij respectively,
A 0,Vi> 0

average

as a mapping

such that and
i=1nAj=1,i=1m Vi=1.

Theorem 8: Suppose aij=€ij,Hij,wherei=1,2,..,m
and j=1,2,...,n, represents a group of CHFSNs
Vi={(V1,V2,.,ViiT,Aj={A1,A2,. Aj}T
weighted vector satisfied the
Aji> 0,Vi> 0 and j=1nAj=1,i=1mVi=1. Then
the aggregated values obtained by the CHFSWA
operator are also CHFSNSs.

and

condition

Proof: we prove with the help of mathematical
induction for n=2=m.

(@) CHFSWA(all,a12)=1-{1¢11-V 1.1-g21-
V2A1.1¢12-V 1.1.g22-V2A2,1.g11+V 1.1-
g21+V2A1.1¢12+V 1.1-
g22+V2A2)H11V1.H21V2A1.H12V 1.H22V
2A2. Now let us consider the result is true for
n=k=m

(i) CHFSWA(al1,a12,a13,...,akk)=[1-
i=1ki=1k1-gij- ViAj, 14=1ki=1k1-

gij+ ViAjl,j=1ki=1kHij ViAj.Now the result is
true for n= k+1=m

(iii) CHFSWAall,a12,a13,...,ak+1k+1=1-
i=1k+1i=1k+11-ij-ViAj, 1=1k+1i=1k+11-

gij+ ViAj,j=1k+1i=1kHij ViAj+14=1k+1i=1k+11-
gij-ViAj,14=1k+1i=1k+11-

gij+ ViAj,j=1k+ 1i=1kHij ViAj

Example
10:a01=0.1,0.4,0.2,0.5,{0.1,0.2},a02=0.2,0.5,0.1,0.7,
{0.2,0.3} and a3=0.3,0.6,0.4,0.9,{0.3,0.4} weight
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vectors Ai={0.20,0.30,0.50} and
Vi={0.19,0.31,0.50}.
CHFSWAal1,a12,...,aij=®j=1nAj® i=1m Vi
aij=1-=1ni=1m1-&ijl ViAj,1j=1ni=1m1-
Eiju ViAj,j=1ni=1mHij ViAj=1-1-0.10.200.19(1-
0.20.30)0.31(1-0.30.50)0.501-1-0.40.200.19(1-
0.50.30)0.31(1-0.60.50)0.50,,1-1-0.20.200.19(1-
0.10.30)0.31(1-0.40.50)0.501-1-0.50.200.19(1-
0.70.30)0.31(1-
0.90.50)0.50,({0.1,0.2}0.20)0.19,({0.2,0.3}0.20)0.1
9({0.3,0.4}0.20)0.19=0.0978,0.2687,0.1358,0.510
30.4793,0.3788,0.2624;
2.26. Properties of CHFSWA Operators
1. (Idem potency) We introduce sets of
CHFSNs represented as
aij=&ij,Hij,wherei=1,2,...,m and j=1,2,...,n. Shows
each element in this set have the same values, i.e.
aij=aij. Then, applying the Cubic HFSWA to
all,al,...,aij outcomes in a. ie.
CHFSWAall,a12,...,aij=q. (29)
Proof: Since  aij=€ij,Hij,where i=1,2,..,m and
i=1,2,...n., then by using equation (9) we have,
CHFSWA(al1,a12,a13,...,amn)=1-j=1ni=1ml-
gij-ViAj,14=1ni=1m1-
gij+ ViAj,j=1ni=1mHij ViAj=1-1-gij- ViAj, 1-1-
gij+ ViAj,Hij ViAj=a
Likely, it could be proved many characteristics of
the Fuzzy BPSHWA operator given are is under.
1. (Boundedness) Let  @ij=&ij,Hij,where
i=1,2,..,m and j=1,2,...,n,, be a group of
CHFSNs, and G-ij=minijdij , @+ij=maxijoij , then
o-ij< CHFSWA(all,al12,a13,...,0mn)< O+ij;
(30)
2. (Monotonicity) Suppose @ij=¢€ij,Hij and
aij=(&ij,Hij) be a two groups of CHFSNs, if
aij< aij .Then
CHFSWA(all,a12,a13,...,amn)<
CHFSWAall,al2,...,qij. 31
3. (Commutatively Property) Suppose
aij=&ij,Hij and aij=(&ij,Hij) be a two groups of
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CHFSNE, if aij< aij .Then
CHFSWA(all,a12,al13,...,amn)<
CHFSWAall1,a12,...,qij.

(32)
Definition 36: Suppose
aij=¢&ij,Hij,wherei=1,2,..,m and i=1,2,...n,
represents a group of CHFSNs, the cubic
hesitant fuzzy soft ordered weighted average
(CHFSOWA) operators as a mapping
CHFSOWA  :awm(ij)n—aijcharacterized  by:
CHFSOWAaw(11),aw(12),...,aw(ij)= @ j=1nA
| ® i=1m Viaw(ij)=1-=1ni=1m 1-E@ijl ViAj, 1-
i=1ni=1m1-€wiju ViAj,j=1ni=1mHw(ij) ViAj

(33)

Where Vi={(V1,V2.. VilT,Aj={A1,A2,.,AjIT,

represent a weighted vector of Uij respectively,

such that Ap> 0,Vi> 0 and
i=1InAj=1,i=1mVi=1.
Theorem 3: Suppose

aij=&ij,Hij,wherei=1,2,..,m and i=1,2,...,n,
represents a group of CHFSNs and
Vi={V1,V2,.,ViT,Aj=(A1,A2,..,.AjiT
weighted vector satisfied the condition
Aj> 0,Vi> 0 and j=1nAj=1,i=1mVi=1. Then
the aggregated wvalues obtained by the
CHFSOWA operator are also CHFSNs.

The features of CHFSOWA operator listed lower
can be straightforwardly established.

1. (Idempotency Property) Suppose
aij=¢ij,Hij, where i=1,2,,.,m and j=1,2,...n,
represent set of CHFSNs such that aij=a for all

i,j. Then, it follows that
CHFSOWAaw(11),aw(12),...,aw(ij)=a.

(34)
2. (Boundedness) Suppose

aij=¢&ij,Hij,where i=1,2,,..,m and j=1,2,...,n be a
group of CHFSNs, and O-ij=minijdij ,

O+ij=maxijaij , then 0-ij<
CHFSOWAaw(11),am(12),...,awm(ij)< a+ij.
(35)
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3. (Monotonicity) Suppose @ij=¢€ij,Hij and
aij=(&ij,Hij) be a two groups of CHFSNs, if
aij< aij.Then,
CHFSOWAaaw(11),aw(12),...,aw(ij)<
CHFSOWAaaw(11),aw(12),...,aw(11)

(36)
4. (Commutatively Property) Suppose
aij=¢ij,Hij and aij=(&ij,Hij) be two groups of
CHFSNE, if aij< aij. Then,
CHFSOWAaaw(11),aw(12),...,aw(ij)<
CHFSOWAawm(11),aw(12),...,aw(11).(37)
2.27. Cubic Hesitant Fuzzy Soft Weighted
Geometric Aggregation (CHFSWG) operators
In this segment, we present geometric aggregation
using CHFSNs  based
operations. These operators, namely the Cubic
HFSWG operator, and the Cubic HFSOWG
operator would then be studied with due

operators algebraic

operation to discover its important aspects.
Description 37: Let aij=Gij,Hij,wherei=1,2,..,m
and j=1,2,...,n, represents a group of CHFSNS,
the cubic hesitant  fuzzy soft weighted
geometric (CHFSWGQG)
mapping CHFSWG :aijn—dijcharacterized by:
CHFSWGall,al2,...,qij=®j=1nAj®i=1m Vi
atij=j=1ni=1m&ijl ViAj,j=1ni= Im&iju ViAj, 1-
i=1ni=1m1-Hij ViAj(38)

Where Vi={V1,V2,.,ViJT,Aj={A1,A2,. AT,
represent a weighted vector of Uij respectively,
Aj> O,Vi> 0 and

operators as a

such that
i=lnAj=1,i=1mVi=1.
Theorem 8: Suppose aij=€ij,Hij,wherei=1,2,..,m
and j=1,2,...,n, represents a group of CHFSNs
and Vi={V1,V2,.,ViiT,Aj={A1,A2,. . Aj)T
weighted vector satisfied the
Aj> 0,Vi> 0 and j=1nAj=1,i=1mVi=1. Then
the aggregated values obtained by the CHFSWG
operator are also CHFSNs.

condition

Example

9:01=0.1,0.4,0.2,0.5,{0.1,0.2},a02=0.2,0.5,0.1,0.7,{
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0.2,0.3} and 03=0.3,0.6,0.4,0.9,{0.3,0.4} weight
vectors Ai={0.20,0.30,0.50} and
Vi={0.19,0.31,0.50}.
CHFSWGall,all,...,0ij=® j=1nAj&®i=Im Vi
atij=j=1ni=1m&ijl ViAj,j=1ni= Im&iju ViAj, I-
ji=Ini=Iml-
HijViAj=0.10.200.19(0.20.30)0.31(0.30.50)0.50
0.40.200.19(0.50.30)0.31(0.60.50)0.50,,0.20.200.
19(0.10.30)0.31(0.40.50)0.500.50.200.19(0.70.30)
0.31(0.90.50)0.50,(1-1-0.1,0.2}0.20)0.19,(1-1-
{0.2,0.3}0.20)0.19(1-140.3,0.4}0.20)0.19=

0.4521,0.3316,0.4316,0.5543

2.28. Properties of CHFSWG

1. (Idem potency) Now contemplate a pool
of CHFSNs indicated aij=€ij,Hij, where
i=1,2,,..,m and j=1,2,..,n. Simulating entire
features in that pool equivalent, i.e.,Qij=a. At that
point, operating Cubic ~CHFSWG to
all,al2,...,aijupshots in a. ie.
CHFSWGall,al2,...,aij=a. (39)

V. (Boundedness) Suppose

aij=¢&ij,Hij,where i=1,2,,..,m and j=1,2,...,n be a
group of CHFSNs, and

O-ij=minijdij ,

O+ij=maxijdij , then oij<
CHFSWGall,al2,...,uij< a+ij.

(40)
3. (Monotonicity) Suppose aij=¢ij,Hij and

aij=(&ij,Hij) be a two groups of CHFSNs,
aij< aij.Then, CHFSWGall,al2,...,aij<
CHFSWGall,al,...,aij. (41)

4. (Commutatively Property) Suppose
aij=&ij,Hij and  aij=(ij,Hij) be a two groups of
CHFSN, aij< aij.Then,
CHFSWGall,al,...,aij<
CHFSWGall,al2,...,qij.

Definition  38: aij=€ij,Hij,where
i=1,2,..,m and j=1,2,...,n, represents a group of
CHFSNs, the cubic hesitant fuzzy soft
ordered weighted geometric (CHFSOWG)
operators as a mapping CHFSOWG: aijn—

Suppose
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alij characterized by:
CHFSOWGawm(11),awm(12),...,amw(ij)=® j=1nA
i® i=1m Viaw(ij)=j= 1 ni= 1 mEw(ij)l ViAj,j=1ni=
Im&m(ij)u ViAj,14=1ni=1m1-Hw(ij) ViAj

(42)
Where Vi=(V1,V2,.,VilT,Aj={A1,A2,.. Aj}T,

represent a weighted vector of Uij respectively,

such that Ap> 0,Vi> 0 and
i=1InAj=1,i=1mVi=1.

Theorem 5: Suppose
aij=¢&ij,Hij,wherei=1,2,..,m and i=1,2,...,n,
represents a group of FBPSNs and

Vi={V1,V2,.,ViIT,Aj={A1,A2,. ,AjiT
weighted vector satisfied the
Aj> 0,Vi> 0 and j=1nAj=1,i=1mVi=1. Then
the aggregated obtained by the
CHFSOWG operator are also CHFSNE.

Example 9:
a1=0.1,0.4,0.2,0.5,{0.1,0.2},a2=0.2,0.5,0.1,0.7,{0.
2,0.3} and 0a3=0.3,0.6,0.4,0.9,{0.3,0.4} weight
Ai={0.20,0.30,0.50}

condition

values

vectors
and Vj={0.19,0.31,0.50}.
CHFSWAall,a12,...,aij= ®j=1nAj® i=1m Vi
atij=j=1ni=1m&ijl ViAj,j=Lni= 1m&iju ViAj, 1-
ji=Ini=1ml-
Hij ViAj=0.10.200.19(0.20.30)0.31(0.30.50)0.50
0.40.200.19(0.50.30)0.31(0.60.50)0.50,,0.20.200.
19(0.10.30)0.31(0.40.50)0.500.50.200.19(0.70.30)
0.31(0.90.50)0.50,(1-140.1,0.2}0.20)0.19,(1-1-
{0.2,0.3}0.20)0.19(1-140.3,0.4}0.20)0.19
Characteristics of CHFSWG drivers labeled
could candidly validated.
1. (Idem potency) Consider a throng of
CHFSNs stand for aij=&ij,Hij, where i=1,2,,..,m
and j=1,2,..,n. Take up all essentials in that
assemblage is the same, i.e., Qij=q. Now,
Cubic HESWG to
aw(11),am(12),...,aw(ij) concludes in aw. i.e.
CHFSWGawm(11),aw(12),...,am(ij)=0wm.

employing
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(43)
2. (Boundedness) Suppose
aij=¢&ij,Hij,where i=1,2,,..,m and j=1,2,...,n be a
group of CHFSNs, and

O-ij=minijoij

O+ij=maxijaij , then 0-ij<
CHFSWGall,al2,...,uij< a+ij.

(44)
3. (Monotonicity) Suppose @ij=¢€ij,Hij and

aij=(&ij,Hij) be a two groups of CHFSNs,
aij< aij.Then, CHFSWGall,al2,...,aij<
CHFSWGall,al2,...,aij. (45)

4. (Commutatively Property) Suppose
aij=¢&ij,Hij and  aij=(&ij,Hij) be a two groups of
CHFSNE, aij< aij.Then,
CHFSWGall,al2,...,aij<
CHFSWGall,al2,...,aij. (46)

2.29. Novel MCDM Based on Proposed
Aggregation Operators

In this thesis area, we employ the technique of
MCDM by Cubic HFSWA and Cubic HFSWG
operators to cope MCDM conditions, where
Cubic Hesitant Fuzzy Soft Numbers (CHFSNs)
assist ‘as criteria weightings and values. Firstly, we
deliver a mathematical structure for MCDM
scenarios integrating data of cubic hesitant fuzzy
soft set. To demonstrate the relevancy of our
planned methods, we introduce a descriptive
example  comprising a  cooperative  of
agriculturalists deciding which crop to plant on a
huge shared plot of land. The decision must
reflect numerous criteria, such as Profit Potential,
Water Requirements, Growth Duration, and
Market Demand, and collect input from diverse
experts, including an Agronomist, an Economist,
a Hydrologist, and a Market Analyst. The
substitutes under consideration contain Wheat,
and Rice. Let P =
{Wheat, Corn, Soybeans, Rice} represent a

Corn, Soybeans,
separate set of substitutes, and E={E1,E2,....,En}

represent  the set of  exports.  Let
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Vi={V1,V2,.,Vi]T,Aj={A1,A2,.,AjiT  denote
alternatives and parameters weighting as actual
Aj> 0,Vi> 0
Suppose

numbers,  satisfying and
i=1nAj=1,i=1m Vi=1.

aij=¢&ij,Hij represents the cubic hesitant fuzzy soft

Fmx*n=

decision matrix, where &ij and Hij denote the
interval valued hesitant fuzzy soft set and Hij
hesitant fuzzy soft set, correspondingly, which
decision makers suggested. @ The following
objectives are involved in using the CHFSWA (or
CHFSWGQG) operator to solve MADM problems.
2.30. Algorithm

Step 1. Gain decision matrices for each alternate
aij=¢&ij,Hij in form of CHFSNs for substitutes
relative to attributes.

Step 2. Normalize the decision matrix to convert
the assessment value of costtype parameters into
benefittype strictures by using the normalization

formula:

Mij=&aijc=1-Gij, 1-Hij , for cost-type
parameters&aij=¢&ij,Hij, for benefittype
parameters

Step3. Use the developed CHFSWA and

CHFSWG operators to aggregate the CHFSNS
atij=Eij, Hij for
Ai={A1,A2,A3,....,An}.
CHFSWAal1,a12,...,0ij= ®j=1nAj®i=1m Vi
@ij=1-=1ni=1m1-€ijlViAj,1j=1ni=1m1-

&iju ViAj,j=1ni=1mHij ViAj

Alternatively,

each alternative

if we choose the CHFSWA

operator:

CHFSWGall,al2,...,0ij=® j=1nAj&®i=1m Vi
aij=j=1ni=1m&ijl ViAj,j=1ni= Im&iju ViAj, 1-
i=Ini=Im1-Hij ViAj

Step 4. Calculate score values for each alternative
using equation (8-9).

Step 5. Select most feasible alternative with the

maximum score value.

Figure 2. The graphical representation of the proposed model
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'
:
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2.31. Case study iii. Growth Duration (e;) The time required
Scenario: for the crop to mature.

A cooperative of agriculturalists is determining iv. Market Demand (es) The current market

which crop to plant on a large shared plot of land. ~ demand for the crop.

They need to consider several criteria and gather Alternatives:

input from different experts. The goal is to select . Az Wheat

the most suitable crop based on these criteria and . Az: Corn

expert opinions. iii. As: Soybeans

Criteria (Parameters): iv. Ay4: Rice
i Profit Potential (e;) The estimated profit Experts:

per acre from selling the crop. i Ei: An agronomist
ii. Water Requirements (e;) The amount of ii. E2: An economist

water needed for the crop. iii. E;: A hydrologist

iv. E4 A market analyst

Table 1: Matrix of Decision For Al

Substitutes &l &2 &3 &4

E: 0.1,0.2,0.1,0.2 0.2,0.5,0.2,0.3 0.2,0.7,0.1,0.3 0.2,0.5,0.3,0.7
E. 0.3,0.4,0.1,0.7 0.1,0.9,0.6,0.8 0.1,0.3,0.4,0.5 0.3,0.4,0.2,0.3
E; 0.1,0.3,0.5,0.6 0.2,0.3,0.1,0.7 0.2,0.3,0.1,0.3 0.2,0.3,0.1,0.3
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ii.

E. 0.2,0.3,0.7,0.8 0.2,0.3,0.1,0.4 0.1,0.8,0.2,0.8 0.2,0.5,0.1,0.6
Table 2: Matrix of Decision For A2
Substitutes el é2 &3 ¢4
E. 0.1,0.7,0.1,0.8 0.2,0.3,0.3,0.7 0.3,0.5,0.1,0.7 0.2,0.3,0.1,0.6
E. 0.2,0.6,0.1,0.8 0.1,0.6,0.1,0.3 0.1,0.5,0.1,0.4 0.1,0.2,0.1,0.6
E; 0.1,0.5,0.1,0.3 0.2,0.3,0.2,0.8 0.2,0.5,0.1,0.9 0.1,0.4,0.1,0.9
E; 0.2,0.7,0.1,0.7 0.2,0.4,0.1,0.8 0.2,0.4,0.1,0.9 0.1,0.7,0.1,0.7
Table 3: Matrix of Decision For A3
Substitutes el e2 3 ¢4
E. 0.3,0.4,0.4,0.3 0.2,0.8,0.1,0.9 0.3,0.5,0.1,0.9 0.2,0.8,0.3,0.8
E. 0.1,0.2,0.1,0.3 0.1,0.2,0.1,0.2 0.2,0.8,0.1,0.8 0.3,0.8,0.3,0.7
E; 0.1,0.2,0.1,0.3 0.1,0.2,0.1,0.2 0.1,0.2,0.1,0.3 0.1,0.2,0.1,0.2
= 0.1,0.2,0.1,0.3 0.1,0.2,0.2,0.3 0.1,0.2,0.1,0.3 0.1,0.2,0.1,0.3
Table 4: Matrix of Decision For A4
Substitutes el e2 3 ¢4
E. 0.2,0.6,0.3,0.5 0.3,0.8,0.1,0.8 0.3,0.5,0.1,0.9 0.2,0.8,0.3,0.8
E. 0.1,0.3,0.2,0.3 0.2,0.4,0.2,0.6 0.2,0.8,0.1,0.8 0.3,0.8,0.3,0.7
E; 0.1,0.2,0.1,0.6 0.2,0.4,0.3,0.5 0.1,0.2,0.1,0.3 0.1,0.2,0.1,0.2
E4 0.3,0.4,0.1,0.4 0.2,0.4,0.3,0.5 0.2,0.4,0.2,0.3 0.1,0.3,0.1,0.4
Benefit Criteria: Profit Potential (e;), Market Demand (e4)
Cost Criteria: Water Requirements (e;), Growth Duration (e3)
Table 5: Decision Matrix of Normalized For Al
Substitutes el &2 &3 &4
H' 0.1,0.2,0.1,0.2 0.3,0.8,0.8,0.7 0.3,0.7,0.1,0.3 0.2,0.5,0.3,0.7
H? 0.3,0.4,0.1,0.7 0.1,0.9,0.6,0.8 0.7,0.9,0.4,0.5 0.3,0.4,0.2,0.3
H’ 0.1,0.3,0.5,0.6 0.7,0.8,0.9,0.3 0.7,0.8,0.9,0.7 0.2,0.3,0.1,0.3
H* 0.2,0.3,0.7,0.8 0.7,0.8,0.9,0.6 0.2,0.9,0.9,0.7 0.2,0.5,0.1,0.6
Table 6: Decision Matrix of Normalized For A2
Substitutes el e2 e3 ¢4
H' 0.1,0.7,0.1,0.8 0.7,0.8,0.3,0.7 0.5,0.7,0.1,0.7 0.2,0.3,0.1,0.6
H* 0.2,0.6,0.1,0.8 0.4,0.6,0.1,0.3 0.5,0.9,0.1,0.4 0.1,0.2,0.1,0.6
H’ 0.1,0.5,0.1,0.3 0.7,0.8,0.2,0.8 0.5,0.7,0.1,0.9 0.1,0.4,0.1,0.9
H* 0.2,0.7,0.1,0.7 0.6,0.8,0.1,0.8 0.6,0.8,0.1,0.9 0.1,0.7,0.1,0.7
Table 7: Decision Matrix of Normalized For A3
Substitutes el e2 3 ¢4
H' 0.3,0.4,0.4,0.3 0.2,0.8,0.9,0.1 0.5,0.7,0.9,0.1 0.2,0.8,0.3,0.8
H? 0.1,0.2,0.1,0.3 0.8,0.9,0.9,0.8 0.2,0.8,0.9,0.2 0.3,0.8,0.3,0.7
H’ 0.1,0.2,0.1,0.3 0.8,0.9,0.9,0.8 0.8,0.9,0.9,0.7 0.1,0.2,0.1,0.2
H* 0.1,0.2,0.1,0.3 0.8,0.9,0.8,0.7 0.8,0.9,0.9,0.7 0.1,0.2,0.1,0.3
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Table 8: Decision Matrix of Normalized For A4

Substitutes el &2 &3 &4

H' 0.2,0.6,0.3,0.5 0.2,0.7,0.9,0.2 0.5,0.7,0.9,0.1 0.2,0.8,0.3,0.8
H? 0.1,0.3,0.2,0.3 0.6,0.8,0.8,0.4 0.2,0.8,0.9,0.2 0.3,0.8,0.3,0.7
H’ 0.1,0.2,0.1,0.6 0.6,0.8,0.7,0.5 0.8,0.9,0.9,0.7 0.1,0.2,0.1,0.2
H* 0.3,0.4,0.1,0.4 0.6,0.8,0.7,0.5 0.6,0.8,0.8,0.7 0.1,0.3,0.1,0.4
4. Applying CHFSWA For hesitant fuzzy set non-membership

On applying step 3 of the procedure cumulative
the CHFSS, decision matrix denoted in Table 1
for each substitute. Like:

CHFSWAal1,a12,...,aij= ®j=1nAj®i=1m Vi
atij= j=1Ini=1mHij ViAj
The whole accumulated table for CHFSWA

For membership interval valued hesitant fuzzy set: Operator denoted in Tables 2-4.

CHFSWAal1,a12,...,aij= ®j=1nAj® i=Im Vi
aij=1-j=1ni=1m(1-ijl) ViAj,1-j=1ni=1m(1-

Eiju) ViAj
Table 9: Result we get with CHFSWA coordinator against Al
Wight el el e3 e4
0.25,0.21,0.25,,0.29T 0.4532 0.5653 0.5323 0.6625
0.32,0.20,0.28,0.20 0.5532 0.5518 0.6671 0.4529
0.25,0.5,0.42,0.18 0.6672 0.6431 0.9721 0.5383
0.20,0.10,0.22,0.38 0.7789 0.6432 0.5519 0.7214
Table 10: Result we get with DHFSYWA coordinator against A2
el el e3 e4

0.29,0.25,0.21,0.25T 0.6421 0.5537 0.7756 0.87891
0.28,0.20,0.20,0.32 0.5409 0.5460 0.6537 0.6432
0.18,0.25,0.42,0.5 0.6634 0.6349 0.5476 0.7719
0.38,0.20,0.10,0.22 0.6648 0.5576 0.6892 0.6629
Table 11: Result we get with DHFSYWA coordinator against A3

el el e3 e4
0.29,0.25,0.21,0.25T 0.5525 0.4344 0.7629 0.6689
0.28,0.20,0.32,0.20 0.5328 0.6627 0.6566 0.6643
0.5,0.42,0.18,0.25 0.6521 0.4479 0.5418 0.5519
0.38,0.20,0.22,0.10 0.5344 0.5531 0.5467 0.4429
Table 12: Result we get with DHFSYWA coordinator against A4

el el e3 e4
0.29,0.25,0.21,0.25T 0.5527 0.5734 0.5563 0.6643
0.32,0.20,0.28,0.20 0.4478 0.6537 0.4409 0.5531
0.25,0.5,0.42,0.18 0.5418 0.7723 0.7710 0.5222
0.38,0.20,0.22,0.10 0.6667 0.5228 0.6698 0.5433
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Now, by applying step 4 of the procedure 5 and mark the whole replacements

calculate the grade assessment, denoted in Table correspondingly.
Table 13:
Grade Assessment
P1 0.5678
P2 0.7891
P3 0.6719
P4 0.8834
Ranking order P4> P2> P3> Pl CHFSWAall,al2,...,aij= ®j=1nAj®i=1m Vi
5. Applying CHFSOWA aij=1-=1ni=1m1-€ijl ViAj, 1= 1ni=1m1-€iju ViA]
On applying step 3 of the procedure cumulative For non-membership
the CHFS, conclusion matrix denoted in Table 1 CHFSWAQ11,a12,...,aij= ®j=1nAj ® i=1m Vi
for each substitute. Like: Qij=j=1ni=1mHij ViAj
For membership interval hesitant fuzzy set: The whole accumulated table for DHFSYOWA

Operator denoted in Tables 2-4.
Table 14: Result we get with DHFSYOWA coordinator against A1

Wight el el e3 e4
0.25,0.21,0.25,,0.29T 0.3427 0.6519 0.5523 0.7625
0.32,0.20,0.28,0.20 0.4532 0.4518 0.5671 0.5329
0.25,0.5,0.42,0.18 0.5672 0.4431 0.8723 0.4389
0.20,0.10,0.22,0.38 0.4789 0.5432 0.4519 0.6234
Table 15: Result we get with DHFSYOWA coordinator against A2

Wight el e2 e3 e4
0.25,0.21,0.25,,0.29T 0.5421 0.5437 0.8756 0.6891
0.32,0.20,0.28,0.20 0.4509 0.4560 0.4537 0.5432
0.25,0.5,0.42,0.18 0.7634 0.6549 0.3476 0.6719
0.20,0.10,0.22,0.38 0.5248 0.4576 0.7892 0.5629
Table 16: Result we get with DHFSYOWA coordinator against A3

Wight el e2 e3 e4
0.25,0.21,0.25,,0.29T 0.4455 0.3344 0.6619 0.7589
0.32,0.20,0.28,0.20 0.4328 0.4627 0.5466 0.5643
0.25,0.5,0.42,0.18 0.5521 0.3479 0.5618 0.4519
0.20,0.10,0.22,0.38 0.3344 0.4531 0.4567 0.4329
Table 17: Result we get with DHFSYOWA coordinator against A4

Wight el e e3 e4
0.25,0.21,0.25,,0.29T 0.4327 0.6734 0.4563 0.6643
0.32,0.20,0.28,0.20 0.3478 0.5437 0.4509 0.4431
0.25,0.5,0.42,0.18 0.4318 0.7623 0.7610 0.5522
0.20,0.10,0.22,0.38 0.4567 0.5428 0.5498 0.4433
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Now, by applying step 4 of the procedure Table 5 and mark the whole replacements

calculate the grade assessment, represented in correspondingly.
Table 18:
Grade Assessment
Al 0.6654
A2 0.8891
A3 0.7628
A4 0.9134
Ranking order A4> A2> A3> Al DHFESYHWA( Pl)=j=Ilmyj i=1n(¢piP1)=(Hij,
6. Applying CHFSWG # ij) Enijminl,j=1myji=1n$i.HijA1A=0.4312674

On applying step 3 of the procedure cumulative 3
the DHFS decision matrix denoted in Table 1 for For non-membership

each substitute. Like: DHFSYHWA Pl=j=1myj
For membership hesitant fuzzy set: i=In¢iP1=Hij® ij€nijl-minl,j=1myji=1n¢i.1-
DHESYHWA( PD=j=Imyj o {jA1A=0.567194.

i=In($pin®(ij))=(HPije P(ij)) ENP(ij)minl,j=1m The whole accumulated table for DHFSYHWA,
Wji=1ndi. HO(HALA, Coordinator represented in Tables 2-4.

Table 19: Result we get with DHFSYHWA coordinator against A

Wight el e2 e3 e4
0.25,0.21,0.25,,0.29T 0.4532 0.5561 0.5531 0.8761
0.32,0.20,0.28,0.20 0.5567 0.5613 0.7612 0.6633
0.25,0.5,0.42,0.18 0.4455 0.5577 0.7766 0.4519
0.20,0.10,0.22,0.38 0.5421 0.6663 0.6633 0.7613
Table 20: Result we get with DHFSYHWA coordinator against A2

Wight el e2 e3 e4
0.25,0.21,0.25,,0.29T 0.5566 0.6613 0.7765 0.7789
0.32,0.20,0.28,0.20 0.4433 0.4432 0.7745 0.5576
0.25,0.5,0.42,0.18 0.6712 0.6654 0.5543 0.6621
0.20,0.10,0.22,0.38 0.4512 0.5544 0.7766 0.3321
Table 21: Result we get with DHFSYHWA coordinator against A3

Wight el e2 e3 e4
0.25,0.21,0.25,,0.29T 0.4455 0.3344 0.7513 0.6513
0.32,0.20,0.28,0.20 0.6754 0.5613 0.7241 0.8723
0.25,0.5,0.42,0.18 0.6864 0.6752 0.8614 0.5613
0.20,0.10,0.22,0.38 0.6518 0.5671 0.5713 0.7513
Table 22: Result we get with DHESYHWA coordinator against A4

Wight el e2 e3 e4
0.25,0.21,0.25,,0.29T 0.4327 0.6544 0.7311 0.6323
0.32,0.20,0.28,0.20 0.3478 0.5327 0.5439 0.4321
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0.25,0.5,0.42,0.18 0.5418 0.7433 0.3340 0.5122
0.20,0.10,0.22,0.38 0.6567 0.5438 0.3428 0.4563

Now, by applying step 4 of the procedure calculate the grade assessment, denoted in Table 5 and mark

the whole replacements correspondingly.

Table 23:
Grade Assessment

Al 0.6018

A2 0.7651

A3 0.6891

A4 0.8761

Ranking order A4> A2> A3> Al DHFSYHWA( Pl)=j=Imyj i=1n(¢iP1)=(Hij,
7. Applying CHFSOWG # ij) €nijminl,j=1myji= 1n¢i.HijA1A=0.4312674

On applying step 3 of the procedure cumulative 3
the DHFS decision matrix denoted in Table 1 for For non-membership

each substitute. Like: DHFSYHWA Pl=j=1myj
For membership hesitant fuzzy set: i=1n¢iP1=Hij,» ijE€nijl-minl,j=1myji=1ndi.1-
DHESYHWA( PD=j=Imyj o {jA1A=0.567194.

i=1n(¢pin®(ij))=(HPij,e P(ij)) ENP(ij)minl,j=1m The total aggregated table for DHFSYHWA
Wji=1ndi. HOGHAIA, Operator denoted in Tables 2-4.

Table 19: Result we get with DHFSYHWA coordinator against A1

Wight el e2 e3 e4
0.25,0.21,0.25,,0.29T 0.4532 0.5561 0.5531 0.8761
0.32,0.20,0.28,0.20 0.5567 0.5613 0.7612 0.6633
0.25,0.5,0.42,0.18 0.4455 0.5577 0.7766 0.4519
0.20,0.10,0.22,0.38 0.5421 0.6663 0.6633 0.7613
Table 20: Result we get with DHFSYHWA coordinator against A2

Wight el e e3 e4
0.25,0.21,0.25,,0.29T 0.5566 0.6613 0.7765 0.7789
0.32,0.20,0.28,0.20 0.4433 0.4432 0.7745 0.5576
0.25,0.5,0.42,0.18 0.6712 0.6654 0.5543 0.6621
0.20,0.10,0.22,0.38 0.4512 0.5544 0.7766 0.3321
Table 21: Result we get with DHFSYHWA coordinator against A3

Wight el e2 e3 e4
0.25,0.21,0.25,,0.29T 0.4455 0.3344 0.7513 0.6513
0.32,0.20,0.28,0.20 0.6754 0.5613 0.7241 0.8723
0.25,0.5,0.42,0.18 0.6864 0.6752 0.8614 0.5613
0.20,0.10,0.22,0.38 0.6518 0.5671 0.5713 0.7513
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Table 22: Result we get with DHFSYHWA coordinator against A4

Wight el e2 e3 e4

0.25,0.21,0.25,,0.29T 0.4327 0.6544 0.7311 0.6323
0.32,0.20,0.28,0.20 0.3478 0.5327 0.5439 0.4321
0.25,0.5,0.42,0.18 0.5418 0.7433 0.3340 0.5122
0.20,0.10,0.22,0.38 0.6567 0.5438 0.3428 0.4563

Now, by applying step 4 of the procedure calculate the grade assessment, denoted in Table 5 and mark

the whole replacements correspondingly.

Table 23:

Grade Assessment

Al 0.6018
Al 0.7651
A3 0.6891
A4 0.8761

Ranking order A4> A2> A3> Al

Figure 2

0.8

0.6

0.4

0.2

Score Values

’ Al AZ A3

A. TEST OF VALIDITY:

In establishing the suppleness and healthiness
about projected skill, we follow the assessment
protocols proven by Wang and Triantaphyllou
[32] through a series of difficult steps:

Step 1: The leading validation contains replacing
the ratings of suboptimal substitutes with those of
lower-quality ones while ensuring that the
highest-rated alternative remains same. This step
checks if the model regularly recognizes the top
alternative, thus representing its stability in
decision-making, even when differences occur

among subordinates substitute.
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Step 2: The next confirmation follows norm of
transitivity. This norm dictates that if substitute A
is favored over substitute B, and B is preferred
over substitute C, then A should logically be
preferred over C. Guaranteeing this rational
reliability in the ranking process endorses that the
model maintains a coherent preference order
across diverse decision situations.

Step 3: The additional confirmation checks the
model's reliability when the judgment difficulty is
distributed into smaller sub-problems. It confirms
that the early ranking of alternatives is unspoiled

within these sub-problems, thereby approving the
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model's consistency and vigor in intricate,
fragmented decision-making situations.
By following these assessment protocols, the

suggested technique shows its legitimacy and

steadfastness across several decision-making
circumstances:
o It regularly recognizes the highest

substitute even when non-optimal alternatives are
changed.

. It follows to the norm of transitivity,
certifying a coherent and logical inclination order.
o It maintains the early level of substitutes
when decision difficult is partitioned into minor
fragments.

Test of Validity Using Criterion 1: The
preliminary  ranking  of
A4> A2> A3> Al . To
replaced the non-optimal substitute Al by a

alternatives  is
endorse this, we
substandard substitute Al* and recalculated
rankings.  The  aggregated  scores  for
A4> A2> A3> Al* resulted in a reread ranking
of  A4> A2> A3> Al* |

method's

confirming the
sturdiness in identifying 'the best
substitute notwithstanding substitutions.

Test of Validity Using Criteria 2 and 3: Added
assessment involved disjointed decision-making
developments:  {A4,A2,A3},{A1,A2,A3}, and
{A1,A2,A4). These subcases were ranked steadily
with the

initial process, reaffirming logical

uniformity (transitivity) and permanency in
decision rankings.

Merging all the findings, the overall ranking
A4> A2> A3> Al , which

results of the

aligns

primary
policymaking process. This reliability confirms

remain,

exactly with the

that our planned strategy meets the requirements
for maintaining logical consistency (transitivity)
and stability when the problem is divided into

minor parts.
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B. MANAGERIAL IMPLICATIONS:

Introduction of dual hesitant fuzzy Yager

accumulation  facilitator into  multi-ascribe
policymaking processes has profound managerial
implications across diverse industries. These
operators, grounded in Yager's directives families
of tstandards and tcostandards, provide
enhanced flexibility and precision in evaluating
complex decision scenarios involving multiple
attributes with varying degrees of hesitation and
fuzziness.

Managers can leverage these aggregation tools to
make more informed and strategic decisions in
environments characterized by uncertainty and
varying levels of importance across criteria. For
instance, in strategic planning and resource
allocation, these operators allow decision-makers
to effectively weigh and balance diverse factors
such as cost, risk, and potential returns. The
flexibility offered by the Yager operators is
particularly beneficial in scenarios where different
criteria or stakeholder preferences need to be
prioritized dynamically according to changing
business conditions.

By applying these advanced aggregation methods,

organizations can improve their decision-making

processes, leading to exact and authentic
outcomes. This capability is serious for
maintaining  competitiveness in  fastpaced

markets where decisions must be made swiftly

and based on complex, often conflicting,
information. In addition, the robustness of these
operators ensures that decisions remain
consistent and logical in spite of the decision
difficulty is fragmented declining to smaller,
other controllable sub-problems.

In practical applications, such as in project
management, supply chain optimization, or
product development, the use of these Yager-

based aggregation operators enables managers to
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optimize their strategies, align decisions with efficiency, and a stronger alignment of decisions

longterm objectives, and enhance overall with organizational goals, thereby driving success
organizational performance. The ability to apply in competitive and  dynamic  business
these methods effectively can lead to better environments.

resource  utilization, improved  operational

1.1 Comparison

Table 11 Represent the Comparison of Different methods based on score values

Methods Al Al A3 A4 Ranking Order

Proposed Methods 0.4582  0.5121 0.7503  0.8293 A4> A3> A2> Al

HFS|[8] 0.6063  0.5279 0.6391 0.7891 A4> A3> Al> A2

CHEFS[10] 0.5643  0.5078  0.7867 0.8234 A4> A3> Al> Al

HFSS[14] 0.7803  0.6376  0.7433  0.8179 A4> Al> A3> A2
TOPSIS[19] 0.6975 0.7204  0.5775 0.8778 A4> A2> Al> A3
TCFSS[22] 0.7349  0.6418 0.5512 0.8632 A4> Al> A2> A3

Figure 5: The graphical representation of different approaches

1 2 ‘ |
0.9 4
0.8
0.7
0.6
0.4
0.3
0.2
01
0

Score values
o
w

Proposed HFS[8]
Methods

CHFS[10]

3.1. Sensitivity Analysis

In current review, this developed ideal is
thoroughly verified through couple of various
understanding studies, either aiming upon
variations in standards and policymaking loads
and their consequent outcome on the last
rankings contained by a cubic hesitant fuzzy soft
domain. This initial understanding study consist
of the sequential assessment in order to inspect in
what way diverse relative levels allotted to
mention benchmarks—top, alike, and truncated—
mark that entire ranking results. The said inquiry
involves running that ideal independently on
behalf of apiece criterion, assigning locus loads

independently inside that cubic hesitant fuzzy soft
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HFss[14]

Ay
Az
A3
Ay

TOPSIS[19] TCFSs[22]

structure. Outcomes, indicated in the Figure 4,
originate from 20 poles apart scenarios. Oddly, in
every illustration, unconventional A4consistently
arises as the top-ranked option, while alternative
Al  invariably ranks at the end. In spite of
significant deviations for benchmark bulks, this
prototypical reveals an important tactlessness to
those modifications, stressing his robustness in
cubic hesitant fuzzy soft circumstances.

Another enquiry focuses upon correcting the
loads given to the subjects in the cubic hesitant
fuzzy soft context, ensuing in 4 diverse situations
with varied weightiness divisions. Domino effect
in Fig (5).

Unswervingly, across total situations, unusual

of those situations displayed
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A4 s reaffirmed as maximum favored choice,

whereas unconventional Al leftovers as
minimum favored. Although, relative standings
of further substitutes might change reliant on the

scheduled

well as

maker masses employed, the

prototypical verifies a robust as
trustworthy across a wide array of weighting
formations in a cubic hesitant fuzzy soft
arrangement.

These studies prove the resilience and reliability
of intended ideal in managing variations in
mutual criteria encumbrances and decision
choices. This integration of cubic hesitant fuzzy
soft sets shows propositions of a more complex
and supple method for conclusion, permitting in
lieu of consideration of equally affirmative and
These

memberships ability improves the facsimile's

deleterious membership grades.

capability to seize and method intricate, practical
deciding situations, hence giving further accurate
Additionally,  the

and inclusive valuations.

prototype's callousness to chief deviations in
standard weightiness and makers inclinations
underscores his toughness, which is vital in term
of applied uses where executive environment is a
lot subject to active plus random fluctuations.

The
guarantees ideal’s durability, despite changing

cubic hesitant fuzzy soft set context
circumstances.

Wide-ranging scrutiny too displays the models
prospective in lieu of wider suitability across
diverse range. Authentication of the model's
enactment through several distribution of weight,
analysis also assures its proficiency as well as
flexibility, creating more appropriate for a varied
applicability, ranging from medicinal features to
variety of decision-making in diverse field.

should
intensifying the

Upcoming research concentrate on

further idea’s aptness and
refining their parameters to warrant optimal
presentation through a more extensive realm of

policymaking situations.

Table 9: Exhibit different sets of masses designate to conditions.

W Al A2 N M W Al A2

A3 M W Al A2 N M

T, 02 04 03 01 T, 01 02
T, 04 01 02 03 T, 02 o0.1
T, 02 01 03 04 Tu 01 02
T, 02 03 01 04 Tup 02 02
Ts 04 01 01 04 T 02 02
Te 02 03 02 03 T, 04 0.1
T. 01 02 02 05 Ti 01 02
Ts 02 01 01 06 T 02 03

0.1 06 Ty 01 02 04 03
04 03 T 04 02 02 02
03 04 Tw 03 03 03 0.1
03 03 T 03 02 02 03
02 04 Tn 01 02 03 04
03 02 Tp 01 02 03 04
04 03 T5 01 04 02 03
04 01 Tx 02 02 02 04
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Figure 4: Displays the various sets of values of alternatives weights assigned to criteria

Pq
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Table 10: presents various sets of masses assigned by policy-makers

W M1 M2 M3 M4 W 381 92 88 M4 W 91 I I3 M4
T o1 02 03 04 T, 02 02 02 04 Ty 01 02 03 04
T, 03 02 04 01 T 03 03 03 01 T 03 02 03 02
T, 02 03 03 02 Tu 04 02 03 01 Tw 02 02 01 05
T, o1 02 04 03 T, 02 01 06 01 T 03 02 01 04
T 01 02 04 03 T35 03 02 04 01 T, 01 03 03 03
T« 03 04 02 01 T4, 03 04 02 01 T, 01 02 02 05
T, 04 04 01 01 T 02 05 02 01 T5 02 02 04 02
Ts 04 03 02 01 T 02 04 02 02 Ty 04 03 01 02
Figure 3: Alternative classification with varying criteria weights
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Discussion
The overview of cubic hesitant fuzzy soft sets
(CHEFSS) denotes an essential progress within
area of fuzzy set ideas, specifically in a perspective

of multi-criteria decision-making (MCDM). In
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joining a significant of cubic sets and hesitant
fuzzy soft sets, CHFSS offers an additional
nuanced approach to handling ambiguity, one

that accommodates both the hesitancy essential

in  decision-making  processes and  the
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multidimensional nature of the standards
involved. This hybrid structure allows for a
comfortable demonstration of information,
which is central in situations where traditional
fuzzy sets may descend short. The academic
improvement of this study are chiefly remarkable,
as they not only represent an advance
mathematical structure but also spread the
effectiveness of CHFSS through the growth of
particular aggregation operators. The Cubic
HFSWA, Cubic HFSWG, Cubic HFSOWA, and
Cubic HFSOWG facilitator contributes forceful
instrument for collecting data in situations
characterized by high stages of ambiguity and
inaccuracy. The hard inquiry of these operators'
features enhances a layer of consistency to their
application, ensuring that decision-makers can
trust the results created by these procedures.
Furthermore, the overview of hybrid operators
more enriches the CHEFSS structure, enabling
challenging and custom-made aggregation policies
that can well align with the precise needs of

This

flexibility is mainly important in real-world

numerous decision-making situations.
applications, where decision-making frequently

involves balancing several, sometimes
contradictory, criteria. The systematic analysis of
these operators' properties not only establishes
their theoretical accuracy but also offers practical
insights into their application.

To summarize, the CHFSS structure and its
related aggregation operators offer a commanding
new approach to dealing with uncertainty in
MCDM scenarios. This study give a strong
theoretical foundation for upcoming research,
suggesting several possibilities for more detail,
such as the application of CHFSS in diverse
domains and the development of additional
specific decision-

operators to demonstrates

making challenges. The advanced contributions
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made in this study have the prospective to
significantly improve decision-making processes
in a wide range of fields, from economics and
engineering to environmental management and
beyond.

6.1 Limitation

Regardless of the importance progress brought in
by the cubic hesitant fuzzy soft set (CHFSS)

model, various restrictions guarantee
consideration. Initially, the intricacy of the
mathematical structure and the novel improved
aggregation operators may present hurdles over
computational efficiency. The complex behavior
of CHEFSS, specifically when acting with huge
datasets or a high number of criteria, could guide
to raise computational consequences and
duration, which may restrict its applicability in
time-sensitive decision-making situations.

Another, practicality of CHFSS in realworld
situations is yet in its initial stages of discovery.

Although the

empirical validation around different structures is

theoretical base is rigorous,
important to wholly interpret its specialty and
restrictions in pragmatically applications. The
execution of CHFSS-based methods with respect
to present fuzzy set idea under diverse states stay
an area that needs more study.

Furthermore, the structure assumes a definite
degree of skillfulness in fuzzy set theory and
corresponding mathematical ideas, which may
restrict its approachability to practician who are
not mastered in these. The complication of the
operators and the demand of the profound
interpretation of these applications make high
learning curve for users, possibly preventing its
wider selection.

Lastly, while the CHFSS structure suggests an
additional nuanced method to managing
improbability and fuzziness, it may still confront

problems when treating with highly imprecise or
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extremely dynamic situations where the sort of

unpredictability is regularly changing. The
present operators, though flexible, may need
more modification or the advancement of extra
tools to wholly seizure the complication of such
situations.

In short, while the CHEFSS structure give a
favorable development in decision-making under
doubt, its restrictions, specifically in terms of
computational complication, pragmatic
authentication, approachability, and flexibility to
highly changing situations, must be managed in
upcoming study to capitalize on its applied
efficacy and impression.

6.2
The outline of cubic hesitant fuzzy soft sets

(CHFSS)

significances that improve its applicability and

Advantages

proposes  numerous important

efficiency in difficult decision-making scenarios:
i. Enhanced Flexibility
Representation: The CHFSS structure chains the

and

values of cubic sets and hesitant fuzzy soft sets,
wideranging depiction © of
This

suppleness lets decision-makers to model difficult

giving an extra

ambiguity and  fuzziness. dual-level

situations extra precisely, capturing both the

hesitancy in  skilled views and  the
multidimensional nature of criteria involved.
ii. Robust Aggregation Operators: The

improvement of expert aggregation operators
within the CHFSS structure, such as the Cubic
HESWA, Cubic HFSWG, Cubic HFSOWA, and
Cubic HFSOWG, suggest dominant tools for
creating statistics. These operators are intended
to cope with the complexities of hesitant and
cubic fuzzy statistics, leading to more trustworthy
and nuanced decision results.

iii. Applicability in Multi-Criteria Decision-
Making (MCDM): CHEFSS is

beneficial in MCDM situations where numerous

specifically

standards need to be assessed instantaneously.
The

ambiguous, and inexact statistics makes it ideal

context’s capability to face intricate,

for situations where customary fuzzy set concepts

may be short.

iv. Customizable Hybrid Operators: The

overview of hybrid operators within the CHFSS

structure enhances an additional level of
customization, letting decision-makers to shape
the aggregation procedure according to particular
requirements. This malleability improves the
structure's flexibility, making it appropriate for a
comprehensive  range of  decision-making
perspectives, from environmental controlling to
economics.
V. Theoretical Rigor and Reliability: The
difficult study of the characteristics of CHFSS
the

decision-making procedures grounded on this

aggregation operators guarantees that
context are theoretically comprehensive. This
reliability is crucial for operations in fields where
purposes have significant pretenses, such as

healthcare, engineering, and finance.

Vi. Improved Handling of Uncertainty:

CHFSS delivers a more
dealing with uncertainty by integrating both the

intricate manner to

hesitant and cubic appearance of fuzzy items.
This purport for a more precise study of real
world stipulation, where dubiety is often complex

and not readily attained by simpler models.

vii. Foundation for Further Research: The

outcomes of the CHEFSS configuration lay a
cogent foundation for posterity research, propose
multifold occasions to examine its applications

about various spheres, refine its operators, and

expand its theoretical underpinnings. This
potential for continued development and
innovation is a significant advantage for

researchers and practitioners alike.
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CONCLUSIONS

In this study, a novel concept of Cubic Hesitant
Fuzzy Sets (CHFSs) has been proposed by
effectively integrating the principles of cubic sets
and hesitant fuzzy sets. This integration enables
the formulation and investigation of fundamental
operational laws within a unified mathematical
framework, thereby enhancing the conceptual
coherence of fuzzy set theory. Several new
aggregation operators have been developed,
including cubic hesitant fuzzy soft weighted
averaging and geometric operators, ordered
weighted averaging and geometric operators, as
well as hybrid averaging and geometric operators.
The mathematical properties of these operators
have been thoroughly examined, demonstrating
their capability to handle complex and uncertain
decision-making problems.

The proposed framework extends and generalizes
existing models such as fuzzy sets, intuitionistic
fuzzy sets, hesitant fuzzy sets, and cubic fuzzy sets,
providing a more robust and powerful tool for
managing uncertainty and imprecision. These
operators were employed within a multi-attribute
decision-making environment, illustrated through
a practical example involving the selection of the
most suitable crop. The results highlight the
effectiveness and applicability of the proposed
approach.  Furthermore, sensitivity —analysis
confirmed the stability and reliability of the
obtained outcomes, while comparative analysis
validated the superiority of the proposed method
over existing decision-making techniques.

Future research directions include the application
of cubic hesitant fuzzy soft sets to pattern
recognition and medical diagnosis problems.
Additionally, the development of distance and
similarity measures for these sets will be explored
to further enhance their applicability and

practical relevance.
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