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Abstract
The rapid expansion of the Internet of Things (IoT)
has led to the deployment of large-scale, heteroge-
neous, and dynamically evolving network topologies.
Understanding the structural properties of such net-
works is critical for ensuring robustness, efficient
communication, and fault tolerance. Spectral graph
theory provides powerful tools for analyzing network
structures through eigenvalues of matrix representa-
tions. In this paper, we introduce the Laplacian Har-
monic matrix as an alternative spectral framework
for modeling IoT network topologies. We investigate
its fundamental properties and analyze the associ-
ated eigenvalues for various graph families. Further-
more, we interpret these spectral characteristics in
the context of IoT networks, including star, mesh,
and bipartite topologies. The results demonstrate
that Laplacian Harmonic eigenvalues provide deeper
insights into connectivity, robustness, and structural
balance compared to traditional Laplacian matrices.
The proposed framework offers a novel approach for
IoT network design, monitoring, and optimization.

1 Introduction

The Internet of Things (IoT) represents
a paradigm shift in modern computing,
enabling billions of interconnected devices
to communicate and exchange data across

distributed environments. These devices
form complex network topologies charac-
terized by dynamic connectivity, heteroge-
neous structures, and resource constraints.
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Efficient analysis of IoT network topology is
essential for ensuring reliability, scalability,
and energy efficiency.

Graph theory provides a natural frame-
work for modeling IoT networks, where de-
vices are represented as vertices and com-
munication links as edges. Among various
graph-based techniques, spectral graph the-
ory has gained significant attention due to
its ability to extract structural information
from eigenvalues of matrices such as adja-
cency and Laplacian matrices.

However, traditional Laplacian matrices
may not fully capture the nuanced relation-
ships between nodes, especially in heteroge-
neous IoT networks. To address this lim-
itation, we introduce the Laplacian Har-
monic matrix, which incorporates degree-
based harmonic weighting into the network
structure.

Contributions of this Paper

• Introduction of the Laplacian Harmonic
matrix for IoT network modeling.
• Theoretical analysis of its eigenvalues and
structural properties.
• Characterization of graph families based
on Laplacian Harmonic spectra.
• Application of spectral results to IoT net-
work topologies (star, mesh, bipartite).
• Insights into network robustness, connec-
tivity, and fault tolerance.

2 Related Work

Spectral graph theory has been widely used
for analyzing complex networks, including
communication and sensor networks. The
Laplacian matrix has been extensively ap-
plied for studying connectivity, clustering,
and synchronization in networks. In IoT
systems, graph-based approaches are used
to model communication patterns, opti-

mize routing, and detect anomalies. Previ-
ous studies have explored eigenvalue-based
methods for network robustness and com-
munity detection. However, limited work
has been done on alternative spectral rep-
resentations such as harmonic-based matri-
ces. The harmonic index has been stud-
ied in chemical graph theory, particularly in
Quantitative Structure–Property Relation-
ships (QSPR). Extending such indices to
Laplacian-based representations opens new
avenues for analyzing real-world networks
such as IoT systems.

3 Preliminaries

Let G = (V,E) be an undirected graph,
where:
• V = {v1, v2, . . . , vn} : set of vertices (IoT
devices),
• E = {e1, e2, . . . , em} : set of edges (com-
munication links)
The degree of a vertex v, denoted d(v), rep-
resents the number of connected devices.

IoT Interpretation

Vertex → IoT device (sensor, actuator,
gateway)
Edge → Communication link
Degree → Connectivity level of a device

Number of vertices in V (G) are called
the order n, whereas edges in E(G) define
the size m of G. u ∼ v indicates that vertex
u is adjacent to vertex v, and the edge con-
necting them is denoted as e. The neighbor-
hood N(v) of a vertex v ∈ V (G) includes all
adjacent vertices. For a vertex vi, its degree
d(vi) is the number of vertices in its neigh-
borhood N(vi). A graph G is r-regular if
every vertex has a degree of r. The dis-
tance between two vertices u, v in a con-
nected graph G is the length of the short-
est path connecting them. The diameter of
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a graph G is the greatest distance between
any two vertices. The complete graph on
n vertices is identified as Kn, the complete
bipartite graph with partition sizes a and b
is Ka,b, and the star graph is K1,n−1. The
union of two graphs (G1∪G2) consists of the
vertex set V (G1) ∪ V (G2) and the edge set
E(G1) ∪ E(G2). The vertex-disjoint union
of k copies of G is k · G. Standard graph
theory notation is used, with additional no-
tations in [3]. For graph G, the Harmonic
index, introduced in [4], is as follows:

HI(G) =
∑

vivj∈E(G)

2

dvi + dvj

This index is well examined and has sev-
eral applications in quantitative structure-
activity relationships (QSAR) and quan-
titative structure-property relationships
(QSPR) [6, 7, 5]. The harmonic matrix of
a graph G is a square matrix H(G) = [hij]
of order n, defined in [5] as

AHI(G) = (hij)n×n

=


2

dvi+dvj
if there is an edge
between vi and vj

0 otherwise.

The eigenvalues of AHI(G) for a graph G are
termed the HI eigenvalues of G. Let s1 ≥
s2 ≥ . . . ≥ sn denote the HI-eigenvalues of
G, with s1 referred to as the HI-spectral ra-
dius of G. For a graph G, the Laplacian
matrix is defined as L(G) = D(G)− A(G),
where D(G) is the diagonal matrix of vertex
degrees of G, and A(G) is the adjacency ma-
trix of G. The eigenvalues of the Laplacian
matrix are denoted as µ1 ≥ µ2 ≥ . . . ≥ µn.
The largest eigenvalue of the Laplacian ma-
trix of graph G is termed its Laplacian spec-
tral radius. Since the Laplacian matrix of
a graph provides greater insight into graph
structures than its adjacency matrix, it is
reasonable to extend the HI-adjacency ma-
trix of G to the Laplacian HI-matrix. A
similar study was first introduced by Yang

et al. [10] for the Laplacian ABC ma-
trix. The authors investigated several prop-
erties of this matrix, including the charac-
terization of graphs with one and two dis-
tinct Laplacian ABC eigenvalues, as well as
bounds for the largest and smallest Lapla-
cian ABC eigenvalues. This work was fur-
ther extended by Rather et al. in [8, 9].

In this paper, we introduce the Lapla-
cian HI-matrix associated with a simple
graph. We investigate several properties of
this matrix and determine the Laplacian HI-
eigenvalues for certain families of graphs. In
addition, we completely characterize graphs
having exactly one and two distinct Lapla-
cian HI-eigenvalues and provide a character-
ization of graphs with three distinct Lapla-
cian HI-eigenvalues.

4 Laplacian Harmonic-
matrix

For each vertex v in the vertex set of graph
G, let dv denote the sum of 2

dv+du
for ev-

ery vertex u in the neighborhood N(v).
For a graph G of order n, the Laplacian
Harmonic–matrix is defined as L(G) =
D(G) − HA(G), where D(G) = [dii]n×n

is the Harmonic- diagonal matrix with di-
agonal entries dii = dvi =

∑
vj∈N(vi)

2
dvi+dvj

,

representing the Harmonic–degree of vertex
vi. From now on, we will use di to rep-
resent dvi . Let G be a graph with n ver-
tices. The eigenvalues of L(G) are denoted
as η1 ≥ η2 ≥ . . . ≥ ηn, known as the
Laplacian HI-eigenvalues of G. The max-
imal eigenvalue of the Laplacian HI-matrix
of G represents the Laplacian HI-spectral
radius of G.

Let G be an n-vertex graph with m
edges, and let D be a directed graph.
We define the vertex-arc incidence matrix
S(G) = [hve]n×m, where the element hve for
vertex v and arc e is defined as:
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hve =


√
2√

dvi+dvj
if v is the terminal vertex of e,

−
√
2√

dvi+dvj
if v is the initial vertex of e,

0 if v and e are not incident.

(4.1)

In the following theorem, we prove that
for any orientation of the graph G, the
Laplacian HI-matrix can be expressed as
L(G) = S(G) · S(G)′. In the following the-
orem, we prove that for any orientation of
the graph G, the Laplacian HI-matrix can
be expressed as L(G) = S(G) · S(G)′.

Theorem 4.1. Let G be a graph of or-
der n and D be its directed graph. Then
for any orientation of the graph, we have
L(G) = S(G) ·S(G)′, where S(G) is defined
in (4.1) and S(G)′ = [hve]

t, the transpose of
S(G).

Proof. Let [hve] · [hve]
t = (zkl)n×n. We will

analyze the correlation between the compo-
nents of L(G) and S(G)·S(G)′. It is evident
that zkl =

∑
e∈E

hke · hle. If k = l, then

zkl =
∑
e∈E

hke · hle =
∑

vkvl=e∈E

2

dk + dl
.

If k ̸= l, then zkl = hke · hle, where vk
and vl are adjacent and hke =

√
2√

dk+dl
and

hle = −
√
2√

dk+dl
. This results in:

zkl =
−2

dk + dl
.

In conjunction with the preceding reason-
ing, we have L(G) = S(G) · S(G)′.

Lemma 4.2. For any graph G, demonstrate
that L(G) is a positive semi-definite matrix.

Proof. Let x = (xu) (u ∈ V (G)) be a col-
umn vector. We have

xtL(G)x = xt[hke][hke]x

=
∑

e=vkvl

(
√
2xk −

√
2xl)

2

dk + dl
≥ 0.

This completes the proof.

It is easy to see that 0 is an eigenvalue
of L(G) with eigenvector 1, which is the all
1 vector. The following lemma provides the
rank of the incidence matrix; the proof is
analogous to the proof of Lemma 2.2[1].

Lemma 4.3. Let G be a connected n-vertex
graph, where n ≥ 3. Then rank of the inci-
dence matrix is n− 1.

The following lemma is important for
our results. Its proof follows the same argu-
ments as in Lemma 2.2 of [11], and therefore
we omit the details.

Lemma 4.4. [11] Let G be a connected
graph with r ≥ 3 vertices. Then L(G) has
t(2 ≤ t ≤ r) distinct eigenvalues if and only
if there exist k−1 distinct nonzero numbers
s1, s2, . . . , sk such that:

k−1∏
j=1

((L(G)− sjI)) = (−1)t−1

t−1∏
j=1

sj

n
J,

where I is the unit matrix of order r and J
is the all 1 matrix of order r.

Theorem 4.5. Let G be a graph of order n.
Then G has exactly one (distinct) Laplacian
HI-eigenvalue if and only if G = nK1.

Proof. Observe that L(G) is a positive semi-
definite matrix. It follows that tr(L(G)) = 0
if and only if L(G) = 0, which happens
only when G = K1. Hence, the result fol-
lows.

It is straightforward to verify that the
graph K2 has exactly two distinct Lapla-
cian HI-eigenvalues, namely 0 and 2. This
observation leads to the following theorem.
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Theorem 4.6. Let G be a graph of order
n. Then G has exactly two (distinct) Lapla-
cian HI-eigenvalues if G = sK2∪(n−2s)K1,
where 0 ≤ s ≤ n

2
.

Theorem 4.7. Let G be an n-vertex con-
nected graph with n ≥ 3. Let G possess s
connected components, each containing ni

vertices, where ni ≥ 3 for i = 1, 2, . . . , s.
Then, given L(G), the number of compo-
nents is equal to the multiplicity of the
eigenvalue 0.
Proof. It is simple to obtain that

rank(L(G)) = rank(S(G)R(G)t) = rank(S(G)).

Lemma 4.3 states that the rank of L(G) and
the rank of S(G) are both equal to n − 1
if G is connected. Given that L(G) is a
real symmetric matrix, the eigenvalue 0 has
a multiplicity of one. Assume that G pos-
sesses s (s > 1) connected components, each
containing ni vertices, where ni ≥ 3, for all
i = 1, 2, . . . , s. By applying Lemma 4.3, we
ascertain that rank(L(G)) = n− s, indicat-
ing that the multiplicity of the eigenvalue 0
is s.

5 Laplacian Harmonic–
eigenvalues of some
families of graphs

This section will describe the Laplacian har-
monic eigenvalues of particular families of

graphs. This study extends the previously
stated conclusions on the Laplacian eigen-
values of classical Laplacians to the Lapla-
cian harmonic eigenvalues of certain graph
families.

Theorem 5.1. Let G denote a complete bipartite graph with cardinalities r and s for its two
partitioned sets, respectively. Consequently, the Laplacian harmonic spectrum of G for this
graph is as follows:

Spec(G) =

{
0, 2,

2s

r + s

(r−1)

,
2r

r + s

(s−1)
}
.

Proof. Let G be a complete bipartite graph with partite sets of cardinalities r and s. The
Harmonic-Laplacian matrix of G is defined as follows:

L(G) =



2s
r+s

0 · · · 0 −2
r+s

−2
r+s

· · · −2
r+s

0 2s
r+s

· · · 0 −2
r+s

−2
r+s

· · · −2
r+s

...
... . . . ...

0 0 · · · 2s
r+s

−2
r+s

−2
r+s

· · · −2
r+s

−2
r+s

−2
r+s

· · · −2
r+s

2r
r+s

0 · · · 0
−2
r+s

−2
r+s

· · · −2
r+s

0 2r
r+s

· · · 0
...

... . . . ...
−2
r+s

−2
r+s

· · · −2
r+s

0 0 · · · 2r
r+s


.

To determine the eigenvalues of L(G), we equate the characteristic polynomial of L(G) to
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zero, specifically, det(λI − L(G)) = 0. This results in:∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ− 2s
r+s

0 · · · 0 2
r+s

2
r+s

· · · 2
r+s

0 λ− 2s
r+s

· · · 0 2
r+s

2
r+s

· · · 2
r+s

...
... . . . ...

0 0 · · · λ− 2s
r+s

2
r+s

2
r+s

· · · 2
r+s

2
r+s

2
r+s

· · · 2
r+s

λ− 2r
r+s

0 · · · 0
2

r+s
2

r+s
· · · 2

r+s
0 λ− 2r

r+s
· · · 0

...
... . . . ...

2
r+s

2
r+s

· · · 2
r+s

0 0 · · · λ− 2r
r+s

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0.

Employing the definition of the determinant for a block matrix, we elucidate the aforemen-
tioned equation:

det(A) · det(D − CA−1B) = 0, (5.2)

where A =


λ− 2s

r+s
0 · · · 0

0 λ− 2s
r+s

· · · 0
...

... . . . ...
0 0 · · · λ− 2s

r+s


r×r

, B =


2

r+s
2

r+s
· · · 2

r+s
2

r+s
2

r+s
· · · 2

r+s
...

... . . . ...
2

r+s
2

r+s
· · · 2

r+s


r×s

,

C = Bt and D =


λ− 2r

r+s
0 · · · 0

0 λ− 2r
r+s

· · · 0
...

... . . . ...
0 0 · · · λ− 2r

r+s


s×s

.

It is evident that:
det(A) =

(
λ− 2s

r + s

)r

. (5.3)

To determine the second determinant in the expression det(A) · det(D − CA−1B) = 0, we
initially calculate CA−1B, specifically,

CA−1B = y


1 1 · · · 1
1 1 · · · 1
...

... . . . ...
1 1 · · · 1


s×r

·


1 0 · · · 0
0 1 · · · 0
...

... . . . ...
0 0 · · · 1


r×r

·


1 1 · · · 1
1 1 · · · 1
...

... . . . ...
1 1 · · · 1


r×s

, (5.4)

where
(

2
r+s

)2 ( 1
λ− 2s

r+s

)
. The above equation becomes:

CA−1B = y


1 1 · · · 1
1 1 · · · 1
...

... . . . ...
1 1 · · · 1


s×r

·


1 1 · · · 1
1 1 · · · 1
...

... . . . ...
1 1 · · · 1


r×s

= y


1 1 · · · 1
1 1 · · · 1
...

... . . . ...
1 1 · · · 1


s×s

.
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Next, we will find the matrix represented by D − CA−1B, which is equal to:

D − CA−1B =


x− y −y −y · · · −y
−y x− y −y · · · −y
−y −y x− y · · · −y
...

... . . . ...
−y −y −y · · · x− y


s×s

,

where x = λ − 2r
r+s

and y =
(

2
r+s

)2 r
λ− 2s

r+s

. Finally, the computation of the determinant of

matrix D − CA−1B yields the following equation:

det(D − CA−1B) =

∣∣∣∣∣∣∣∣∣∣∣

x− y −y −y · · · −y
−y x− y −y · · · −y
−y −y x− y · · · −y
...

... . . . ...
−y −y −y · · · x− y

∣∣∣∣∣∣∣∣∣∣∣
s×s

.

By summing all columns into the first column of the determinant and extracting the common
factor from the first column, we derive:

det(D − CA−1B) = (x− sy)

∣∣∣∣∣∣∣∣∣∣∣

1 −y −y · · · −y
1 x− y −y · · · −y
1 −y x− y · · · −y
...

... . . . ...
1 −y −y · · · x− y

∣∣∣∣∣∣∣∣∣∣∣
s×s

.

By subtracting the first row of the determinant from the successive rows and then expanding
the determinant, we obtain the following:

det(D − CA−1B) = (x− sy)xs−1. (5.5)

By Combining equations (5.3) and (5.5), equation (5.2) can be rewritten as:

det(λI − L(G)) =

(
λ− 2s

r + s

)r

(x− sy)xs−1,

where x = λ − 2r
r+s

and y =
(

2
r+s

)2 r
λ− 2s

r+s

. By simplifying the aforementioned equation, we
obtain:

det(λI − L(G)) =

(
λ− 2s

r + s

)r

(x− sy)xs−1

=

(
λ− 2s

r + s

)r
(
λ− 2r

r + s
− s ·

(
2

r + s

)2
r

λ− 2s
r+s

)(
λ− 2r

r + s

)s−1

= λ (λ− 2)

(
λ− 2s

r + s

)r−1(
λ− 2r

r + s

)s−1

.

This completes the proof.
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We define a graph Bs,r−s that includes a
vertex set that is partitioned into two dis-
joint subsets, namely V1 and V2, where V1 is
comprised of s vertices and V2 is formed of
r− s vertices. In contrast to the other cate-
gory of edges, which interconnects all of the

vertices that are contained within V2, the
first category of edges connects every ver-
tex in V1 to every vertex in V2. There are
two different types of edges that make up
the edge set of the graph.

Theorem 5.2. Let r and s be two positive integers, where r ≥ 3, s ≥ 2, and r − s ≥ 0.
Subsequently, the

Spec(Bs,r−s) ={
0,

2r

2r − s− 1
,

(
2s

2r − s− 1
+

r − s

r − 1

)(r−s−1)

,

(
2(r − s)

2r − s− 1

)s−1
}

Proof. Let Bs.r−s denote a graph as stated above. Then the Harmonic-Laplacian matrix of
Bs.r−s is presented as follows:

L(Bm.n−m) =

(
As×s Bs×r−s

Cr−s×s Dr−s×r−s

)
.

where As×s =


2(r−s)
2r−s−1

0 · · · 0

0 2(r−s)
2r−s−1

· · · 0
...

... . . . ...
0 0 · · · 2(r−s)

2r−s−1

, Bs×r−s =


−2

2r−s−1
−2

2r−s−1
· · · −2

2r−s−1
−2

2r−s−1
−2

2r−s−1
· · · −2

2r−s−1
...

... . . . ...
−2

2r−s−1
−2

2r−s−1
· · · −2

2r−s−1

,

Cr−s×s = Bt
s×r−s and Dr−s×r−s =


2s

2r−s−1
+ r−s−1

r−1
−1
r−1

· · · −1
r−1

−1
r−1

2s
2r−s−1

+ r−s−1
r−1

· · · −1
r−1

...
... . . . ...

−1
r−1

−1
r−1

· · · 2s
2r−s−1

+ r−s−1
r−1

.

The characteristic polynomial of L(Bs,r−s) is det(λI − L(Bs,r−s)) = 0. This gives:

det(λI − L(Bs,r−s)) =

∣∣∣∣λIs − As×s −Bs×r−s

−Cr−s×s λIr−s −Dr−s×r−s

∣∣∣∣
Utilizing the definition of the determinant of a block matrix, we articulate the aforementioned
determinant as follows:

det(A) · det(D − CA−1B) = 0. (5.6)

where A =


λ− 2(r−s)

2r−s−1
0 · · · 0

0 λ− 2(r−s)
2r−s−1

· · · 0
...

... . . . ...
0 0 · · · λ− 2(r−s)

2r−s−1


s×s

,

B =


2

2r−s−1
2

2r−s−1
· · · 2

2r−s−1
2

2r−s−1
2

2r−s−1
· · · 2

2r−s−1
...

... . . . ...
2

2r−s−1
2

2r−s−1
· · · 2

2r−s−1


s×r−s

, C =


2

2r−s−1
2

2r−s−1
· · · 2

2r−s−1
2

2r−s−1
2

2r−s−1
· · · 2

2r−s−1
...

... . . . ...
2

2r−s−1
2

2r−s−1
· · · 2

2r−s−1


r−s×s

and
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D =


λ−

(
2s

2r−s−1
+ r−s−1

r−1

)
1

r−1
· · · 1

r−1
1

r−1
λ−

(
2s

2r−s−1
+ r−s−1

r−1

)
· · · 1

r−1
...

... . . . ...
1

r−1
1

r−1
· · · λ−

(
2s

2r−s−1
+ r−s−1

r−1

)


r−s×r−s

.

It is easy to see that

det(A) =

(
λ− 2(r − s)

2r − s− 1

)s

. (5.7)

To compute the second determinant in (5.6), we first evaluate the matrix CA−1B.

CA−1B = y


1 1 · · · 1
1 1 · · · 1
...

... . . . ...
1 1 · · · 1


r−s×s

·


1 0 · · · 0
0 1 · · · 0
...

... . . . ...
0 0 · · · 1


s×s

·


1 1 · · · 1
1 1 · · · 1
...

... . . . ...
1 1 · · · 1


s×r−s

, (5.8)

where y =
(

2
2r−s−1

)2 · ( 1

λ− 2(r−s)
2r−s−1

)
. The above equation becomes:

CA−1B = y


1 1 · · · 1
1 1 · · · 1
...

... . . . ...
1 1 · · · 1


r−s×s

·


1 1 · · · 1
1 1 · · · 1
...

... . . . ...
1 1 · · · 1


s×r−s

= sy


1 1 · · · 1
1 1 · · · 1
...

... . . . ...
1 1 · · · 1


r−s×r−s

.

Subsequently, we will compute D − CA−1B, which is equivalent to:

D − CA−1B =


λ− x 1

r−1
· · · 1

r−1
1

r−1
λ− x · · · 1

r−1
...

... . . . ...
1

r−1
1

r−1
· · · λ− x


n−m×n−m

− y


1 1 · · · 1
1 1 · · · 1
...

... . . . ...
1 1 · · · 1


n−m×n−m

=


λ− x− y 1

r−1
− y · · · 1

r−1
− y

1
r−1

− y λ− x− y · · · 1
r−1

− y
...

... . . . ...
1

r−1
− y 1

r−1
− y · · · λ− x− y


r−s×r−s

.

where x = 2s
2r−s−1

+ r−s−1
r−1

and y = s
(

2
2r−s−1

)2 · ( 1

λ− 2(r−s)
2r−s−1

)
The determinant of the matrix

D − CA−1B is expressed in the following equation:

det(D − CA−1B) =

∣∣∣∣∣∣∣∣∣
λ− x− y 1

r−1
− y · · · 1

r−1
− y

1
r−1

− y λ− x− y · · · 1
r−1

− y
...

... . . . ...
1

r−1
− y 1

r−1
− y · · · λ− x− y

∣∣∣∣∣∣∣∣∣
r−s×r−s

.
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First adding all columns into the first column and subsequently extracting the common term
from the first column, we obtain following results:

det(D − CA−1B) = X ·

∣∣∣∣∣∣∣∣∣
1 1

r−1
− y · · · 1

r−1
− y

1 λ− x− y · · · 1
r−1

− y
...

... . . . ...
1 1

r−1
− y · · · λ− x− y

∣∣∣∣∣∣∣∣∣
r−s×r−s

,

where X =
(
λ− x− y + (r − s− 1)

(
1

r−1
− y
))

. Next, by subtracting the first row from all
subsequent rows and then expanding the determinant, we derive the following equation:

det(D−CA−1B) =

(
λ− x− y + (r − s− 1)

(
1

r − 1
− y

))
·
(
λ− x− 1

r − 1

)r−s−1

. (5.9)

Subsisting the value of x and y, we obtain:(
λ− x− y + (r − s− 1)

(
1

r − 1
− y

))
= λ− x+ (r − s− 1)

(
1

r − 1

)
− (r − s)y

= λ− 2s

2r − s− 1
− r − s− 1

r − 1
+

r − s− 1

r − 1
− 4s

(2r − s− 1)2

(
1

λ− 2(r−s)
2r−s−1

)

= λ− 2s

2r − s− 1
− 4s

(2r − s− 1)2

(
1

λ− 2(r−s)
2r−s−1

)

=
1

λ− 2(r−s)
2r−s−1

((
λ− 2s

2r − s− 1

)(
λ− 2(r − s)

2r − s− 1

)
− 4s

(2r − s− 1)2

)
=

1

λ− 2(r−s)
2r−s−1

(
λ

(
λ− 2r

2r − s− 1

))
.

and (
λ− x− 1

r − 1

)r−s−1

=

(
λ− 2s

2r − s− 1
− r − s− 1

r − 1
− 1

r − 1

)r−s−1

=

(
λ− 2s

2r − s− 1
− r − s

r − 1

)r−s−1

.

Using this (5.9) becomes:

det(D − CA−1B) =
1

λ− 2(r−s)
2r−s−1

(
λ

(
λ− 2r

2r − s− 1

))
.

This together with (5.6) and (5.7) becomes:

λ

(
λ− 2r

2r − s− 1

)(
λ− 2s

2r − s− 1
− r − s

r − 1

)r−s−1(
λ− 2(r − s)

2r − s− 1

)s−1

= 0.

This completes the proof.
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Theorem 5.1 and Theorem 5.2 help us to
obtain the Laplacian HI-spectrum of some

well-known families of graphs. In the follow-
ing result we mention some of these families.

Corollary 5.3. For n ≥ 3, the following holds true.

Spec (Kn,n) =
{
0, 2, 1

(2n−2)
}

Spec (Kn−1,1) =

{
0, 2,

2

n

(n−2)
}

Spec (Kn − e) =

{
0,

2r

2r − 3
,
2(r − 2)

2r − 3
,

(
4

2r − 3
+

r − 2

r − 1

)(r−3)
}
.

Theorem 5.4. Let G be a graph of order n.

(1) Let G be an n-vertex graph. If the
graph G is m-regular, then ηi =

1
m
µi

for all 1 ≤ i ≤ n. Specifically, if G
is isomorphic to Kn, then η1 = η2 =
. . . = ηn−1 = n

n−1
and ηn = 0; if

G is Cn, then ηi = 1 − cos 2πi
n

for
i = 1, 2, . . . , n.

(2) If G is (p, q) semi-regular bipartite
graph, then ηi = 2

p+q
µi, for i =

1, 2, . . . , n. In particular, if G is Kr,s,
where r + s = n, r ≥ s, then η1 =
2, η2 = η3 . . . , ηs = 2r

r+s
, ηs+1 = . . . =

ηr+s−1 =
2s
r+s

, ηr+s = 0.

Proof. (1). If G is m-regular, it follows that
L(G) = 1

m
L(G), and thus, ηi = 1

m
µi for all i,

satisfying the condition 1 ≤ i ≤ n. This, to-
gether with the condition that if G is equal
to Kn, then µ1 = µ2 = . . . = µn−1 = n and
µn = 0, leads to η1 = η2 = . . . = ηn−1 =

n
n−1

and ηn = 0. Furthermore, for G = Cn,
it is established that µi = 2 − 2 cos 2πi

n
for

i = 0, 1, . . . , n − 1, and using the fact that
L(G) = 1

2
L(G) give the required result.

(2). If G is (p, q) semi-regular bipartite
graph, it is easy to see that L(G) = 2

p+q
L(G)

and ηi = 2
p+q

µi, for i = 1, 2, . . . , n. If
G = Kp,q then the result follows from The-
orem 5.1.

Theorem 5.5. Let G be a connected graph
with n ≥ 3. Then G has exactly two dis-
tinct Laplacian HI-eigenvalues if and only
if G = Kn.

Proof. By Lemma 4.4, G has exactly two
distinct Laplacian HI-eigenvalues if and
only if there is a non-zero number s such
that

L(G)− sI = − s

n
J.

That is,
L(G) = sI − s

n
J.

We can see that the off-diagonal entries of
L(G) are all non-zero. Thus, we see that
G = Kn and s = n

n−1
.

The theorem established by Brouwer
and Haemers [2] delineates a relationship
between the diameter of a graph and the
quantity of distinct eigenvalues within the
graph.

Theorem 5.6. [2] Let G denote a connected
graph with a diameter of D. Thus, G has
at least D + 1 distinct adjacency eigenval-
ues (or Laplacian eigenvalues) and no fewer
than D+1 distinct signless Laplacian eigen-
values.

The proof provided in [2] confirms that
the previously given assertion holds for any
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symmetric matrices M = (mij) with non-
negative elements associated with the ver-
tices of a graph G, where mij > 0 if and only
if an edge exists between vertices vi and vj.
The subsequent corollary is derived directly
by examining the matrix M = n2I − L(G).

Corollary 5.7. If G is a graph with diame-
ter D with k different Laplacian Harmonic-
eigenvalues, then k must be greater than or
equal to D + 1.

The following result addresses the prob-
lem of characterizing connected graphs with
exactly three Laplacian HI-eigenvalues.

Theorem 5.8. Let G be an n-vertex con-
nected graph, where n ≥ 4. Consequently,
the subsequent statements are valid.

(i) No graph G can have three distinct
Laplacian ISI eigenvalues if its diam-
eter is at least 3.

(ii) If G is a star graph or a complete bi-
partite graph with equal-sized partite
sets, it has three Laplacian Harmonic-
eigenvalues.

(iii) A cycle G of length n has precisely
three different Laplacian Harmonic-
eigenvalues if and only if it is either
C4 or C5.

(iv) If G is a regular graph that is not
a complete graph Kn, then G has
three different Laplacian Harmonic-
eigenvalues if and only if G is a
strongly regular graph.

Proof. (i). Let G be a graph with a diam-
eter of at least 3; then, by Corollary 5.7, G
has more than three distinct Laplacian har-
monic eigenvalues.
(ii). If G is K1,n−1, then by Corollary 5.3,
we find that Spec (Kn−1,1) =

{
0, 2, 2

n

(n−2)
}

.
It is clear that G has exactly three unique

Laplacian Harmonic-eigenvalues. If G is
Kp,p with n = 2p, then, as per Corollary
5.3, the Laplacian Harmonic-spectrum of G
is expressed as Spec (Kn,n) =

{
0, 2, 1

(2n−2)
}

,
and this finding is relevant in this context.

Conversely, let G be a bipartite graph
with a diameter of at most two that pos-
sesses three unique Laplacian harmonic
eigenvalues. We assert that G is either Kp,p

or Kn−1,1. It is evident that Kn is the only
connected graph exhibiting a diameter of 1,
and according to Theorem 5.5, this graph
possesses two distinct Laplacian harmonic
eigenvalues. Consequently, G cannot pos-
sess a diameter of 1. Consequently, the di-
ameter of G must be 2. Let G be a bipartite
graph with a dimension of 2. Let u and v be
two non-adjacent vertices of the graph G. If
u possesses a neighbor that is not contigu-
ous to v, then this neighbor, together with u
and v, forms a route P4. This indicates that
the diameter of G exceeds 2, which is infea-
sible. Any two non-adjacent vertices must
possess a shared neighbor. Therefore, G is
a complete bipartite graph. In the frame-
work of a full bipartite graph, if G is either
Kp,p or Kn−1,1, no proof is necessary. Con-
versely, if G is Km,n−m with m ̸= 1 and
m ̸= n

2
, Theorem 5.1 posits that this graph

possesses four distinct Laplacian harmonic
eigenvalues. This concludes the proof in this
instance.
(iv).Let G be a k-regular graph. Then in
this case, we have di = k for every i. The
Laplacian Harmonic-matrix is expressed as
L(G) = 1

k
L(G). This indicates that L(G)

has three different eigenvalues if and only if
L(G) has three distinct eigenvalues. Based
on the premise that regular graphs with
three distinct Laplacian eigenvalues are pre-
cisely strongly regular graphs, the conclu-
sion is drawn in this case. This completes
the proof.

Part (iii) of Theorem 5.8 indicates
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the potential existence of additional non-
bipartite graphs with a diameter of 2
that possess three separate Laplacian HI-
eigenvalues. Consequently, we provide the

following open problem.

Problem 1. Determine all non-bipartite
graphs with diameter 2 that have exactly
three distinct Laplacian HI-eigenvalues.

Figure 1: Laplacian vs Harmonic Laplacian Eigenvalues

The eigenvalue comparison graph illus-
trates clear spectral differences between the
standard Laplacian and the Laplacian Har-
monic matrices across all IoT topologies. In
each case, the presence of at least one zero
eigenvalue confirms that the generated net-
works are connected, ensuring communica-
tion among devices. However, the standard
Laplacian exhibits a wider spread of eigen-
values with higher peaks, indicating that
nodes with higher degrees (such as gate-
ways in star topology) dominate the net-
work structure. In contrast, the Laplacian
Harmonic matrix produces a more compact

and smoother eigenvalue distribution, re-
flecting a balanced contribution of all nodes.
This normalization effect is particularly im-
portant in IoT environments, where hetero-
geneous devices coexist, as it reduces bias
toward highly connected nodes and provides
a more realistic representation of communi-
cation load distribution. Additionally, the
second smallest eigenvalue (algebraic con-
nectivity) varies across topologies, showing
that mesh networks are the most robust,
while star networks are more vulnerable to
failures.
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The topology visualization graphs fur-
ther support these spectral observations
by revealing structural differences among
star, mesh, bipartite, and clustered net-
works. The star topology highlights a cen-
tralized structure prone to single-point fail-
ure, which is reflected in its lower spec-
tral robustness, whereas the mesh topology
demonstrates dense interconnections and
high resilience, confirmed by its stronger
eigenvalue profile. Bipartite networks show
a balanced structure between two dis-
tinct node groups, commonly representing
sensor-to-server communication in IoT sys-
tems, while clustered networks exhibit mod-
ular organization with strong intra-cluster
and weak inter-cluster connections. The
Laplacian Harmonic matrix effectively cap-
tures these structural characteristics by em-
phasizing balanced connectivity and local
interactions, making it more suitable for an-

alyzing real-world IoT deployments. Over-
all, the combined spectral and structural
analysis demonstrates that the harmonic
approach provides deeper insights into net-
work stability, scalability, and energy-
efficient communication in IoT systems.
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